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ABsTRACT. This paper shows — by examples — how to calculate the transfer coef-
ficients that appear in Arthur’s main local result in the endoscopic classification of
representations, using purely geometric tools. Specifically, we use vanishing cycles of
perverse sheaves to calculate examples of Adams-Barbasch-Vogan packets for p-adic
groups and of endoscopic transfer and twisted endoscopic transfer of Adams-Barbasch-
Vogan packets. By comparing these to Arthur packets we gather evidence for the
conjecture that Arthur packets are Adams-Barbasch-Vogan packets. We also verify
the Kazhdan-Lusztig conjecture for the admissible representations of p-adic groups
that appear in our examples. The techniques we use here build on results from [7],
but this paper also provides a bridge to some of the ideas used in [8] to prove that
Arthur packets are Adams-Barbasch-Vogan packets for unipotent representations of
general linear groups and for odd special orthogonal groups and their pure inner forms
over p-adic fields.
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0. INTRODUCTION

Our objective in this paper is to show how to use vanishing cycles of perverse sheaves
to calculate the local transfer coefficients (sy s, )y that appear in Arthur’s endoscopic
classification [3, Theorem 1.5.1]. We do this by independently calculating both sides of
[7, Conjecture 2] in examples:

(s s,m)y = (=1)Im o= Ty (B, P(m)) (s), (1)

for every s € Zz(v). By making these calculations, we wish to demonstrate that the
functor BEv, introduced in [7], provides a practical tool for calculating Arthur packets, the
associated stable distributions and their transfer under endoscopy. Our examples provide
evidence for the conjecture that Arthur packets are Adams-Barbasch-Vogan packets as
well as the Kazhdan-Lusztig conjecture for p-adic groups. This paper builds on results
from [7] and as such, should be read with that paper in hand.

In this paper we consider admissible representations of the p-adic groups SL(2), PGL(4),
SO(3), SO(5) and SO(7). There are a variety of reasons why we have chosen to present this
specific set of examples. The groups SO(3), SO(5), and SO(7) are the first few groups in
the family SO(2n+1), and this is the family we study in [8] for unipotent representations.
The group SO(7) is the first in this family to exhibit some of the more general phenomena
that meaningfully illuminate the conjectures from [7]. Moreover, since SO(3) x SO(3) is
an elliptic endoscopic group for SO(5) and SO(5) x SO(3) is an elliptic endoscopic group
for SO(7), we are also able to use these examples to show how to use geometric tools
to compute Langlands-Shelstad transfer of invariant distributions for endoscopic groups.
Not only was this ultimately a useful feature for doing the geometric calculations, but
presenting these examples side by side allows one to see certain relationships that hold
more generally for endoscopic groups. We also include two examples — for SL(2) and



ARTHUR PACKETS AND ABV-PACKETS FOR p-ADIC GROUPS, 2: EXAMPLES 3

PGL(4) — that show how the problem of calculating Arthur packets and Arthur’s transfer
coeflicients is reduced to unipotent representations.

Each example follows essentially the same four-part plan, explained in some detail in
Section 1 and outlined here.

(51.1)

(51.2)

(§1.3)

After fixing a connected reductive group G over a p-adic field F' from the list
above and an infinitesimal parameter \ : Wr — G, we enumerate all admissible
representations 7 of all pure rational forms of G with infinitesimal parameter
M. We partition these admissible representations into L-packets and show how
Aubert duality operates on the representations. Then, for each L-packet of Ar-
thur type, we find the Arthur packet that contains it. We calculate a twisting
character which measures the difference between Arthur’s parametrization of rep-
resentations in an Arthur packet with Moeglin’s parametrization. We find the
coefficients in the invariant distributions

0f,= Y (ssym,Trr (2)
melly (G(F))

that arise from stable distributions attached to Arthur packets for endoscopic
groups for G(F) in [3, Theorem 1.5.1]. We also calculate the virtual represent-
ations 7y s defined in [7, Section 1.11] using Arthur’s work. See Section 1.1 for
more detail on this part of the examples.

In the second part of each example, called Vanishing cycles of perverse sheaves,
we set up all the tools needed to calculate (ss,, 7) e and its generalisation to pure
rational forms of G, geometrically. We find the stratified variety V) attached to
A and study the category Per Zs(\) (V) of equivariant perverse sheaves on V). We
show how this category decomposes into summand categories, called the cuspidal
support decomposition of Perzé( 2 (V). Then we calculate the functor

Bv:Perz ) (Va) = Perz () (T7_ (x)(Va)reg) (3)

on simple objects, using properties of vanishing cycles; Ev is defined in [7, Sec-
tion 5| and recalled in Section 1.2.6. The results of these calculations — one for
each example — are presented in Sections 2.2.3, 3.2.5, 4.2.5, 5.2.5, 6.2.5 and 7.2.6.
Section 1.2 includes an overview of how we made these calculations. We also show
how the Fourier transform interacts with the functor Ev and Ev*.

In the third part we connect the two sides of this story, as treated above. To
begin, we find Vogan’s bijection between: admissible representations of split p-
adic groups and their pure rational forms with fixed infinitesimal parameter A :
Wr — LG, as recalled in Section 1.1; and simple equivariant perverse sheaves on
V), as recalled in Section 1.2. With this bijection in hand, and the calculation

of BEv from Section 1.2, we easily find the Adams-Barbash-Vogan packets H?EZ &

and associated virtual representations nQE’V. By referring back to Section 1.1, we
easily see

Ms = Ny (4)

for all Arthur parameters ¢ with infinitesimal parameter A, thus confirming |7,
Conjecture 2] in the examples. This implies (1) and also implies

— HABV (5)

pure, ¢y,

II

pure,
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for every Arthur parameter with infinitesimal parameter A\. We also verify the
Kazhdan-Lusztig conjecture in each example, which allows us to verify |7, Conjec-
ture 3| in our examples. We show how the twisting characters from Section 1.1.5
relate to the twisting functor introduced in Section 1.2.7. While (5) shows that
every Arthur packet is an ABV-packet, the converse is not true; in this paper we
find four examples of ABV-packets that are not Arthur packets. See Section 1.3
for more detail on this part of the examples.
When G admits an elliptic endoscopic group G’ and an infinitesimal parameter
N : Wp — LG such that A = eo N with € : .G’ — LG, we show how the
transfer of stable distributions attached to Arthur parameter for G’ to G may be
apprehended through the restriction of equivariant perverse sheaves from V) to
V. To see this, for each simple P € Pergy(V), we calculate every term in the
identity

Te(Ev]y ¢ Pl (@) = (~1) C8mC Ty, o) P)(a), (6)
where (2,&) € TE (V' )reg with image (2,€) in T (V )reg, Where the semisimple
s € G is part of the endoscopic data of G’, as is the image of s in A, ¢ and a

is the image of s in A, ¢. See Section 1.4 for more detail on this part of the
examples.

Although do not show every calculation in every example, in Section 1 we explain the
ideas needed and then illustrate them as they apply appear in the examples.

We now describe the highlights of the six examples (38 admissible representations, 12
p-adic groups) in this paper.

(82)

In Section 2 we take G = SL(2) and consider the L-packet of quadratic unipotent
representations of SL(2, F') when the residual characteristic of F' is odd. We use
this example to show how to reduce the problem of calculating Arthur packets
and Arthur’s transfer coefficients, geometrically, to the case of unipotent repres-
entations, using [7, Theorem 3.1.1]. There are three elliptic endoscopic groups
relevant to this L-packet of admissible representations of SL(2, F'), and we show
how to apprehend transfer in each case using the geometric perspective. In this
example we also explain how to extend [7] to the inner form of SL(2, F').
Because the representations in the first example are tempered, the geometry was
degenerate. In Section 3 we take G = SO(3) split over F' and choose a non-
tempered unipotent representation w(¢g) of SO(3, F). Then we find the 2 ad-
missible representations of the anisotropic form Gy of G that share the same
infinitesimal parameter \ : Wp — G as 7(¢o). Even in this simple case the cal-
culation of the vanishing cycles of simple objects in Perzé( » (V) is interesting.
This example plays a role in Sections 4 and 7.

In Section 4 we take G = PGL(4) and choose a tamely ramified infinitesimal
parameter A\ : Wr — LG such that its restriction to inertia has order q + 1.
Again we use |7, Theorem 3.1.1] to reduce the problem of calculating the transfer
coefficients, geometrically, to a unipotent representation of PGL(2) and then we
use Section 3 to make the calculations. This example also illustrates a case when
the map from pure rational forms to inner rational forms is not injective.

In Section 5 we return to unipotent representations of odd orthogonal groups and
choose an infinitesimal parameter A : Wr — LG for G = SO(5) such that the
image of Frobenius is regular semisimple. This example plays a role in Section 7.
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(§6) Although endoscopy played a role in Section 2, the unipotent representations of
pure rational forms of G = SO(5) treated in Section 6 give a more interesting
illustration of how to apprehend endoscopy through equivariant restriction of
perverse sheaves. In contrast to Section 5, in Section 6 the image of Frobenius
under the unramified infinitesimal parameter A : Wr — LG is singular. This
example shows some interesting new features in the calculation of vanishing cycles
of perverse sheaves, and these play a role in Section 7. Here we find two examples
of ABV-packets that are not Arthur packets.

(§7) Section 7 is the heart of this paper. Here we take G = SO(7) and consider
unipotent representations with an infinitesimal parameter \ : Wr — G such
that the image of Frobenius is singular. This rich example allows us to explore
a wide range of interesting phenomena. We find 10 admissible representations of
G(F) with this infinitesimal parameter and a further 5 admissible representations
of its pure rational form. One of these representations, denoted by 7(¢7,+—) in
Section 7, is supercuspidal, a further 3 are tempered, and the remaining 11 are
not tempered. We group these representations into L-packets and Arthur packets
and find the stable and invariant distributions attached to Arthur parameters.
Then, using vanishing cycles of perverse sheaves, we calculate all ABV-packets
in this example using the functor Ev and verify that all Arthur packets are ABV-
packets. We further verify (4). We also find two more ABV-packets that are not
Arthur packets. The calculations of vanishing cycles of perverse sheaves in this
section use some of the previously considered examples, but also involve some new
work. We use this example to show that how the vanishing cycles of the Fourier
transform of a perverse sheaf relates to the transpose of the vanishing cycles of the
perverse sheaf. We verify the Kazhdan-Lusztig conjecture as it applies here and
use this to confirm [7, Conjecture 3] in this example. Since the elliptic endoscopic
group G’ = SO(5) x SO(3) admits an infinitesimal parameter X' : Wg — LG’ that
factors A, we show how Langlands-Shelstad transfer of stable distributions from
G’ to G may be calculated using equivariant restriction of perverse sheaves from
Vi to Vi,

Using techniques different from those employed in this paper (namely, microlocalisation
of regular holonomic D-modules, rather than vanishing cycles of perverse sheaves) one
of the authors of this paper has calculated many other examples of Adams-Barbasch-
Vogan packets in his PhD thesis [18]. Specifically, if 7 is a unipotent representation of
PGL(n), SL(n), Sp(2n) or SO(2n+ 1), of any of its pure rational forms, and if the image
of Frobenius of the infinitesimal parameter of 7 is regular semisimple in the dual group,
then all Adams-Barbasch-Vogan packets containing m have been calculated by finding
the support of the microlocalisation of the relevant D-modules. This work overlaps with
Sections 3 and 5, here. However, we found it difficult to calculate the finer properties of the
microlocalisation of these D-modules required to determine the local transfer coeflicients
appearing in Arthur’s work. This is one of the reasons we use vanishing cycles of perverse
sheaves in [7] and in this paper.

Acknowledgements: Many of the calculations for this paper were made during the
“Voganish Seminar” based at the University of Calgary over a two year period, 2015-16 and
2016-17. We thank everyone who participated. Our thanks especially to Pramod Achar,
who helped us calculate perverse extensions and taught us how to use the decomposition
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theorem for fun and profit and to Kam-Fai Tam for identifying the type of the depth-zero
supercuspidal representation appearing in the SO(7) example in this paper and for many
other helpful comments.

1. TEMPLATE FOR THE EXAMPLES

Here, in Section 1, we explain the plan for all the examples. We have tried to make
the examples (Sections 2 through 7) as brief as possible, by making repeated reference
back to this section.

In each example we begin by choosing G from the following list of split algebraic groups
over a p-adic field F': in order, we take G to be SL(2), SO(3), PGL(4), SO(5), SO(5) again,
and finally, SO(7). In each case we find Z!(F,G), and thus all pure rational forms of G,
and relate these to the inner forms of G using the maps

HY(F,G) — HY(F,Ga) — H'(F,Aut(Q)).

Every pure rational form 6 € Z'(F,G) determines a rational form Gs of G, often also
called a pure rational form of G. The examples that we consider illustrate the fact that
the maps above are neither injective nor surjective, in general. In each case we also fix
an infinitesimal parameter

\:Wr = LG,

We consider two infinitesimal parameters A for SO(5), but otherwise choose one A for
each group in the list, above.

Having fixed G and A : Wr — LG, we consider the conjectures from [7]. Although
we do prove these conjectures by brute force calculation in these examples, that was not
our objective. Rather, our goal here is to show how to use results from [7] and [8] to
calculate the stable distributions in Arthur’s local result [3, Theorem 1.5.1] and also how
to calculate the coefficients that appear when these stable distributions are transferred to
certain endoscopic groups. As a consequence, we give complete examples of [3, Theorem
1.5.1], and explain how to use geometry to make the calculations.

1.1. Arthur packets. We enumerate all admissible representations 7 of all pure rational
forms § of G with a shared infinitesimal parameter A. We show how these representations
fall into L-packets, indexed by Langlands parameters ¢ with infinitesimal parameter .
Then if ¢ is of Arthur type, we find corresponding the Arthur packet. We find the stable
distributions attached to these L-packets, and also all the invariant distributions obtained
from these representations by endoscopy.

1.1.1. Parameters. We find all Langlands parameters ¢ : Ly — G such that ¢(w,d,,) =
A(w), where d,, € SL(2) is defined by d,, = diag(|w|"/?, |w|™*?). As in [7], we write
Py(X*G) for these Langlands parameters and ®,(G/F) for the isomorphism classes of
these Langlands parameters under Zg5(\)-conjugation.

Then we find all Arthur parameters ¢ : Lr x SL(2,C) — G such that ¢(w, dy, dy) =
A(w). As in [7], the set of Arthur parameters that arise in this way is denoted by Qx(XG).
Although the map Qx(YG) — Py (*G) is injective, it is not surjective in general.
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1.1.2. Admissible representations and their pure L-packets. Now we can list all repres-
entations (m,d) of all pure rational forms of G, in the sense of [20], with infinitesimal
parameter \. This means that for every pure rational form 6 € Z!(F, G), we find all irre-
ducible admissible representations 7 of the rational form G4 attached to G, such that the
Langlands parameter ¢ for 7 lies in Py (*G). These representations are not tempered, in
most cases considered in this paper. When the pure rational form § is clear from context,
we may write 7 for (m,0).

We arrange these admissible representations into L-packets and into pure L-packets.
For this, we must find the component group

Ay i=Z5(9)/Z5(9)°,
for each ¢ € Py(*G). According to the pure Langlands correspondence [20], equival-

ence classes of irreducible representations of pure rational forms of G with infinitesimal
parameter A are indexed by the set

E("G) = {(¢.0) | 6 € PA("G)/Zg(N), p € Trrep(Ay) } .
By abuse of notation, we write m(¢, p) for an irreducible admissible representation of
G(F) corresponding to a pair (¢, p) above. Each p € Irrep(A,) determines the class of a
pure rational form, denoted by §, € Z(F,G), so the L-packet for ¢ and a rational form
Gy is
s(Gs(F) = {[n(¢,p)] | ¢ € PA("G), p € Irrep(Ay), [5,] = [0] € H'(F,G)}

We find these L-packets, for all ¢ € P\(*G) and all § € Z(F,G), in our examples. We
also find the pure L-packets:

Wpure,s (G/F) = {[m(¢,p),8,) | & € PA("G), p € Irrep(Ay)},
for all ¢ € Py(*G) To simplify notation slightly, we often write (¢, p) for the pair
(m(,p); 0p)-

1.1.3. Multiplicity matriz. To describe the representations with infinitesimal parameter
A we present the multiplicity myep((4, p), (¢, p)) of w(¢,p) in the standard module
M(¢, p) so that in the Grothendieck group of admissible representations generated by
Mpure A (G/F) we have

M(¢,0") = meep((6,0), (¢, 0)) 7(, ),
(¢,p)
where the sum is taken over all ¢ € Py(“G) and all p € Irrep(A44). We give a sample of
how these multiplicities are calculated in Section 7.1.3.

1.1.4. Arthur packets. Recall Qy(LG) from Section 1.1.1. For each ¥ € Qx(LG) we show
how the admissible representations above are grouped into Arthur packets
I, (Gs(F))

for rational forms ¢ of G. Of course, I, (G5(F')) contains the L-packet Iy, (G5(F)); our
interest is in the representations in Il (Gs(F)) that are not contained in Iy, (G5(F)); we
refer to these as coronal representations in [7]. In fact, we further recall the adaptation
of Arthur packets to pure rational forms and find the pure Arthur packets

Wpure,s (G/F)

themselves.
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Arthur’s main local result for quasisplit classical groups is expressed in terms of a map

My(G(F) = Sy, )

T o= (LT,
where Sy, = Zz(v) /Za(¥)° Z(G)Tr. As we saw in [7], this is easily rephrased in terms of
a map
Iy (G(F)) — Trrep(Ay), (8)
where
Ay = Za()/Zg(¥)°.
We find this map in our examples. In fact, using [3, Inner twists], we find the conjectured
extension
pure,y (G/F) — Trrep(Ay) (9)

which includes the non-quasi-split pure rational forms of G, as discussed in [7].

1.1.5. Aubert duality. Aubert involution preserves the infinitesimal parameter A and so
defines an involution on KII,(Gs(F)), for every pure ration form § for G. For 7 €
I (Gs(F)) we use the notation use the notation 7 for the admissible representation such
that (—1)(™# is the Aubert dual of 7 in KIT,(G5(F)). When restricted to Arthur packets,
Aubert duality defines a bijection

1Ly, (G5 (F)

— I0,(Gs(F))
™ =

)

>

where @(w, x,y) :=v(w,y,z). We display this bijection in our examples.

Although the component groups A, and A ) are isomorphic, a comparison of the
characters (-, ), and (-,7); shows that they do not coincide, in general. Accordingly,
their ratio defines a character x, of Ay such that

<577r>1p = <S>ﬁ->1[; Xy (as), (10)

for s € Zz(¢) with image as € Ay. Our examples show that this character xy of Ay is
given by

M/W M/W
Xw:e¢/ ea/ , (11)
where 62}/[/ " is the character of Ay appearing in [21, Theorem 8.9]. As explained in
M/W

[22, Introduction], the character €y measures the difference between Moeglin’s para-
metrization of representations in Il by Ay and Arthur’s parametrization of represent-
ations in II, by A,. We compute the character x, in our examples; it is non-trivial in
Sections 6.1.5 and 7.1.5.

1.1.6. Stable distributions and endoscopy. Armed with (8), we easily find the coeflicients
in the stable invariant distribution

0f = Z (sg, ), Trm, (12)
melly (G(F))

where s, denotes the image of the non-trivial central element in SL(2) in A,. Likewise,
for s € Z5(¢)) we compute

@G:s = Z (ssy, m),, Trm. (13)
mElly (G(F))
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Arthur’s work shows that © ¢ is the Langlands-Shelstad transfer of the invariant distri-
bution
0y = Z <Sw/,7'('/>,¢/ Trr', (14)
™ €Tl (G (F))
attached to an endoscopic group G’ attached to s and where ¢/ : Lr x SL(2) — LG’
factors through “G’" — G, defining ¥’ : Ly x SL(2) — “G’. For use below, we illustrate
this fact in our examples by choosing a particular s € G and computing © .
In order to illuminate [7, Conjecture 2] we use (9) to exhibit the virtual representations

Ny = > e(0)(sy; [, 6])y [m, 3] (15)

[7,6]€pure, s (G/F)

and
Thp,s = Z 6(5)<581/)7 [W: 5]>¢ [71—7 5] (16)
[7.6]€Mpure, (G/F)
for s € Z5(¢), as defined in [7]. Likewise we find

My = > e(d") (s [, 0]y [, 0] (17)

(7,01 €M1, ure, o/ (G / F)

with s and 9’ as above.

1.2. Vanishing cycles of perverse sheaves. Having reviewed Arthur packets and
transfer coefficients for the chosen G and A : Wr — LG, we now turn to geometry.
In this section we introduce the geometric tools needed to demonstrate [7, Conjecture 2]
and calculate the coefficients (ssy, [, 6]) ., appearing above. This is done by a brute force
calculation of the exact functor

Bv: Pery (V) — Perg (T (V)reg)s

defined in [7], on simple objects, following a strategy that we now explain.

1.2.1. Vogan variety. We find the variety V := V), attached to the infinitesimal parameter
A: Wg — LG, the action of H :=Hy:=Zg()\) on V, and the stratification of V' into H-
orbits. If A is not unramified, we use [7, Theorem 3.1.1] to replace the action Hy xVy — V),
with Hy, x Vi, — Vi, where Ay, : Wp — LG, is the "unramification" of A : Wr — LG.
We may now assume A is unramified and A(Fr) is elliptic semisimple in G.

For classical groups, the variety V admits a description which is quite convenient for
calculations, as we now explain. If the type of G is A,,, the variety V' can be decomposed

as a finite direct product of varieties according to
V= HOHI(E(), El) X HOHl(E’l7 Eg) XKoo HOIIl(E‘.,-_l7 Er),

where each E; is an eigenspace for A(Fr) with eigenvalue A;. We may then denote elements
of V, i.e., quiver representations, by v = (v;;41)s, for v; ;41 € Hom(E;, E;y1). Then

H = GL(Ey) x GL(E) x - -+ x GL(E,)

acting on Hom(Ey, E1) x Hom(Ey, Ey) x ---Hom(E,_1, E,) by h; - v;i11 = viip10h; "
and h; - vi—1; = hj ovi—1; and h; - v; j41 = vj 41 for j # 4,4 — 1. The H-orbit of v € V'
is fully characterized by the collection of integers

Tij = rank(vj,l’j ©---0 ’Ui’iJr]).
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One derives a natural set of inequalities which describes admissible collections of ranks.
The partial order of adjacency is identical to the partial ordering on the symbols (7;;);;.

Passing from the case when the derived group of G is of type A, to any of B,, C,
or D,, simply results in an identification of the \; eigenspace of A\(Fr) with the dual of
the \;! eigenspace. There are essentially two cases to consider: either E; = E* ,. or
no two of Ey,..., E, are dual. In the later case, V is isomorphic to one arising from an
inclusion of a subgroup of type A,, and one can freely study the variety by passing to this
subgroup. In the former case, there are essentially four sub-cases depending on if we are
inside an orthogonal or symplectic group and if r is even or odd. In either case the variety
we are studying is the one where v; ;41 = vﬁ_i_lm_i and the group acting factors through
h; = h!_,. These equations impose further, obvious, restrictions on the set of admissible
collections of ranks/nullities, but otherwise the collection of strata is still indexed by the
set of admissible vectors (r;5);; and the adjacency relations do not change.

For simplicity of exposition one can describe these varieties which occur when G is of
type B, as one of

Hom(FEy, E1) x Hom(Ey, Eo) x ---Hom(E,_1, E) x Sym?*(E})
with the group acting being GL(E;) at every factor or
Hom(Ey, E1) x Hom(E7, Es) x ---Hom(E,_1, Ey)
Where the group acts by GL(FE;) on every factor except E, where the group is Sp(Ep).
When G is of type C,, or D,, they are
Hom(Ey, E1) x Hom(E;, Ey) x ---Hom(Ey_1, E¢) x Alt*(E})
with the group acting being GL(E;) at every factor.
Hom(Ey, E1) x Hom(E1, E3) X ---Hom(Fy_1, Ey),
where the group acts by GL(E;) on every factor except E; where the group is O(E). In

all of these cases, ¢ is either r/2 or (r +1)/2, and the combinatorial data which describes
the strata is still the collection of ranks r; ; for 0 <i < j <.

1.2.2. Orbit duality. The cotangent bundle T* (V) is equipped with two important func-
tions, used extensively in [7]: the natural pairing (-|-) : T7*(V) — A® which coincides
with the restriction of the Killing form on jy; and [+, -] : T*(V) — b which coincides with
the restriction of the Lie bracket on jy. In particular, for every H-orbit C' in V,

To(V) ={(z,8) e T°(V) [z € C, [z,] = 0}.
In the examples, we present the duality between H-orbits C' in V and H-orbits C* in
V*, defined by the property that they have isomorphic conormal bundles
Te(V) = Tg- (V)

under transposition T*(V) — T*(V*) given by (x,€&) — (§,2'), where ':= — (z| - ), so
x +— 2’ is an fixed isomorphism V' — V**. (We will revisit transposition in Section 1.2.7.)
In fact, this duality between H-orbits in V' and H-orbits in V* is also characterised by
the following statement:

TE(V)peg CC x CF, (18)

where

Te(V)eew =Te(V)\ _U_TEAV),
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In the examples we present all this information by describing the conormal bundle
Ti(V) = YTE(V),

where the union is taken over all H-orbits C' in V' and the union is taken in 7*(V). We
also describe the regular conormal bundle

Tt (V)reg = YTE(V )reg:

From this, one simply restricts the bundle maps T*(V) — V and T*(V) = V* t0 T&(V )reg
to recover C' and its dual orbit C*.

1.2.3. Equivariant perverse sheaves. The next step is to find all simple objects in category
Perg (V) of H-equivariant perverse sheaves on V. Again, we use [7, Theorem 3.1.1] to
reduce to the case when A is unramified and A(Fr) is hyperbolic.

It is convenient to begin by enumerating all equivariant local systems £ on all H-
orbits C' in V. This is done by picking a base point x € C' and computing the equivariant
fundamental group

Az 2:7T0(ZH({L')) = 71'1((77 m)ZH(x)O'
Since the isomorphism type of this group is independent of the choice of base point,
this group is commonly denoted by A¢. For the groups G that we consider here, the
fundamental group Ac is always abelian, but this is not true in general. In any case, the
choice of x € C' determines an equivalence

Rep(A¢) — Locy (C).

It is now easy to enumerate all simple objects in category Perg (V):

Pel’H(V)SimP10 = {E(C’, L) | H-orbit CCV, L€ LocH(V)Simplc} _

/iso /iso
We will need to compute the equivariant perverse sheaves ZC(C, L) themselves, or
rather, their image in the Grothendieck group
Pers (V) — KPerg (V) = KD (V).
For every H-orbit C in V and every H-equivariant local system £ on V, consider the
shifted standard sheaf
S(Oa ‘C) ::jC! E[dlmCL
where jo : C — V) is inclusion. Then, in KPerg, (V) we have
1C(C.L) = ) mgeo((C',£),(C, L)) S(C', L)
(¢,
and Mmgeo((C, L), (C, L)) = 1 and mgeo((C', L), (C, L)) = 0 unless C" < C. We refer to
the matrix mge, as the geometric multiplicity matrix. Set
L£8:=7C(C,L)[-dimC]  and  L£F:=8(C,L)[—dimC).
Then, in KPerg, (V3),
£ﬁ = Z (_l)dimc_dimCImgeo((Cl7£I)7 (07 E)) £Ih
(¢
The purity result of Lusztig shows that £# is cohomologically concentrated in even degrees,

SO

Moo (C', L), (C, L)) i= (= 1) O P (€, L), (C, L))
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!

geo as the normalised geometric

is a non-negative integer. We refer to the matrix m
multiplicity matrix.

We compute the normalised geometric multiplicity matrix m’geo in each example in this
paper. In Sections 2.2.2 and 4.2.2 we use |7, Theorem 3.1.1] to make this calculation. In
Sections 3.2.2, 5.2.2, 6.2.3 and 7.2.3 we give examples of the following strategy. For each
stratum C' C V' and each local system £ on C, we construct a proper cover 7 : C—C
such that C' is smooth and ZC(C, £) appears in m15[dim C]. We can explicitly describe
the fibres of 7 over each stratum in C and typically arrange things so that the cover is
semi-small, though this is not essential. We then find all the other simple perverse sheaves
c(C", L), for C' < C, appearing in m 1 z[dim 5], using the Decomposition Theorem. By
doing this for C' and all strata on the boundary of C, we can describe ZC(C, L). Note
that this process is performed inductively on dim C, as well as on rank(m1z)|c-

1.2.4. Cuspidal support decomposition and Fourier transform. Category Perg (V) decom-
poses into a direct sum of full subcategories indexed by cuspidal pairs for GG, or more
correctly, cuspidal local systems on cuspidal pairs [14, Proposition 8.16]. We refer to this

as the cuspidal support decomposition of Pery (V):

Pery (V) = @ Peru(V)L.c.e,
(L,0,€)

where the sum is taken over all cuspidal Levi subgroups L of CAT', and all cuspidal local
systems £ on nilpotent orbits O C Lie L, up to é—conjugation. In the cases we consider
there is only one (O, &) for every cuspidal Levi L, so we abbreviate Perg (V) c e to
Perg (V). In each example we partition the simple objects in Perg (V') according to this
decomposition. Simple objects in Perg (V) are characterised by the property that they
appear in the semisimple complex formed by parabolic induction along Vogan varieties
from the cuspidal local system on Lie L NV see [15].

The cuspidal support decomposition of Pergy (V) offers insight into the blocks that
appearing within the geometric multiplicity matrix. It is also quite helpful for finding the
proper covers appearing in Section 1.2.3.

We also compute the Fourier transform

Ft: Perg (V) — Perg (V™)

on all simple objects. This functor is compatible with the cuspidal support decomposition
in the sense that Ft restricts to Pery (V) — Perg (V).

1.2.5. Local systems on the reqular conormal bundle. In preparation for the calculation of
Ev : Perg (V) — Perg (T} (V)reg), we must describe local systems on H-orbits T (V)sreg
and also show how local systems relate to the pullback of local systems along the bundle
maps TE(V)seg = C and TE(V)seg — C*. For this we pick a base point (z,§) €
T¢(Va)sreg and compute the equivariant fundamental groups

Azey = m0(Zr(2,))) = T (TEV )seegs (2,€)) 24 (w6)0-

The isomorphism type of A, ¢) is independent of the choice of base point; it is precisely
the microlocal fundamental group of C, denoted by A%. So the choice of base point
determines an equivalence

Rep(AZ) — Locm (T (V )sreg)-
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We use this to enumerate the simple objects in Locy (T (V )sreg) and then to describe the
functors

Locy (C) —— Loch (TE(V )sreg) «—— Locyu (C*)
obtained by pullback the along the projections
C —— TE(V )sreg — CF,
by way of the induced homomorphisms of equivariant fundamental groups.
Ap —— Ay — Ae.

1.2.6. Vanishing cycles of perverse sheaves. Here we present the results of applying the
functor

Ev:Perg (V) — Perg (T (V)reg)
to simple objects in Perpy (V). Recall from [7, Section 5] that this functor is defined by

Bvo(F) = R(I)(.|.)(.7:|X 1c)

TE(V)reg?
where (+|-) : T*(V) — A! appeared in Section 1.2.2; recall also that
(B F)(a6) = (RO F)o,

for all (z,€) € Tf;(V)reg. We present the results of our calculations in a table which offers
two perspectives on Ev. To describe those perspectives, recall that EvP = ©¢ Ever P,
where

Ever : Perg (V) — PerH(Té‘/(V)reg)'

Then recall that if ZC(C, £) is simple, then Ever ZC(C, £)[— dim V] is a local system on
T¢: (V)reg and this local system is determined by its restriction to the H-orbit T, (V)syeg-
Our tables record EvZC(C, £) in form &¢ZC(O', E"), where O' : =T, (V )greg. To describe
each &', we use the base points (2/,¢") € TE/(V)sreg to view Ever IC(C, L)[—dim V] as a
representation of the equivariant fundamental group A, ¢y of T¢(V)sreg- The second
part of the table records the characters of the representations Ev(, ¢y IC(C, L) of Ay ¢1,
as C’ ranges over all strata in V and as ZC(C, £) ranges over all simple objects in Perg (V).

By [7, Theorem 5.3.1], we know that Ever P = 0 unless ¢’ C suppZC(C, £), which is
to say, unless C’ < C. Moreover, [7, Theorem 5.3.1] also shows that in the case C' = C,
we get

Eve IC(C, L) = (P* L) |1 (v),ee [dim CT,

where p @ T4(V) — C is the restriction of the bundle map T*(V) — V. The local
systems (p*L) T2 (V)eee Were described in Section 1.2.5 and they are worked out in the
corresponding sections in each example. The work that remains to calculate EvZC(C, L),
therefore, is the cases Ever ZIC(C, L) for C' < C.

To calculate Ever IC(C, L) for C' < C we use [7, Lemma 5.2.1]. We describe our
method in some detail here. From Section 1.2.3 we recall a proper map w : C - C
from a smooth variety C chosen so that ZC (C, L) appears in m1z[dim 5] Using proper

base change and the exactness of the vanishing cycles functor |7, Theorem 5.3.1] we find
BEver IC(C, £) by computing

(772'! R(I)('|')°(7f><idc'*)(]15><0/*)> IT%, (V) rew> (19)
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where 7/ is defined in [7, Section 5.2]. Since C' x C'* is smooth and 15 is a local

s Cxcr
system, the vanishing cycles

RO | )o(rxider) (Lax o) (20)

is a skyscraper sheaf on the singular locus of (-|-) o (7 x idg+) on C x C’*. This singular
locus is easy to find using the Jacobian condition for smoothness,because of the explicit
nature of 7 and because we have already found equations for C"* in V*. The map 7!/
restricts to a proper map from this singular locus onto T (V). In fact, this map is finite
over T¢ (V)reg; this is a post-hoc consequence of the fact that the fibres of 7] are closed
and the stalks of the vanishing cycles functor are concentrated in a single degree. After
restricting (20) to the preimage of T, (V)reg under 7 x ides+, we use the Decomposition
Theorem to explicitly describe (19). While it is typically very easy to compute the rank
of the resulting local system, determining the representation of the fundamental group
that describes the local system is considerably more subtle as it depends on the local
structure of the singularities. We give examples of these calculations in Sections 3.2.5,
5.2.5, 6.2.5 and 7.2.6. In Section 7.2.6 we give a sample calculation showing how the
Lefschetz fixed-point formula may be used to make these calculations.

We observe that many of these calculations may be simplified considerably by a judi-
cious use of the formula (24) from Section 1.2.7 and formula (35) from Section 1.4.

1.2.7. Fourier transform, vanishing cycles and the twisting functor. Our examples show
that there is a rank-1 equivariant local system D* on T} (V*)req so that

Bv* Ft = a. BEv@D"; (21)
equivalently, our examples show that, for every H-orbit C in V there is a local system
D¢ on T (V*)reg so that

Eves Ft = a4 Bve ®DE~ (22)
We find it convenient to introduce the twisting functor

T:Perg (T (V)reg) —  Perg(Ti(V*)reg)

P = aP D" (23)

so that (21) becomes
B Ft=TEv. (24)

In this paper we verify (24) by evaluating both sides on simple objects in Perg (V) in our
examples. The twisting functor T is non-trivial in Sections 6.2.6 and 7.2.7.

1.2.8. Arthur sheaves. We close Section 1.2 by displaying the Arthur sheaves A¢ that
appeared in [7], for each stratum C' C V. These equivariant perverse sheaves are defined,
up to isomorphism, by

Ao = > (rank Eve P) ZC(C', L').

PePery (V)7mrle

Observe that rank Eve P = Tr (Eve P) (1). We also remark that
FtAc = Ac-. (25)
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1.3. Adams-Barbash-Vogan packets. Having calculated the vanishing cycles of per-
verse sheaves on Vogan varieties in Section 1.2, it is a simple matter now to find the
Adams-Barbash-Vogan packets for all Langlands parameters with given infinitesimal para-
meter. In this section we also see that the Arthur packets described in the examples are
indeed ABV-packets. But the real object of the conjectures from [7] are the characters
(-,m) » of Ay that appear in Arthur’s main local result, and their generalisations to pure
rational forms of GG. In this section we show

(-,my="Tr (Eve, P(m))

and verify [7, Conjecture 1], [7, Conjecture 2] and [7, Conjecture 3].

1.3.1. Admissible representations versus equivariant perverse sheaves. As explained in [7],
every Langlands parameter ¢ € Py(XG) determines a point 24 € V and every x € V arises
in this way. The function ¢ — x4 is also H-equivariant, so it induces a bijection between
®,(LG) and the set of H-orbits in V. We write Cy for the H-orbit of z,. There is a
canonical isomorphism of groups

A4 Ac,, (26)
where Ay = mo(Z5(¢)) is the component group appearing in the pure Langlands cor-
respondence. Consequently, there is a natural bijection between pairs (¢, p), where p
is a representation of Ay, and pairs (Cy, L,), where £, is the equivariant local system
matching p under the isomorphism above. This, in turn, determines a bijection

Hpurc,)\ (G/F) — PerHA (V)\)jii:;ple (27)
(r,8) +~ P(m,0)

1.3.2. ABV-packets. Using this bijection, we determine the ABV-packets for all Lang-
lands parameters with infinitesimal parameter A, in each example, using the definition

ABY (G/F):={[r,0] € Mpwe(G/F) | Bve, P(m,5) # 0}. (28)

pure,¢p
By restricting our attention to Langlands parameters of Arthur type, we readily verify
that all Arthur packets for all admissible representations with infinitesimal parameter A
are ABV-packets:
Mg, (G/F) = Wpure,y(G/F). (29)

pure, ¢y,
Having verified (29) in the examples, we turn to |7, Conjecture 2], which begins with
the canonical isomorphism
Aﬂi = gic’
w
where ¢ is an Arthur parameter and where Cy:=Cy,. Right away, this isomorphism
tells us that the character ( -, ) " of A, appearing in Arthur’s main local result may
be interpreted as an equivariant local system on Téw (V)sreg. How does the admissible
representation 7 of G(F') determine that local system? That question is answered by
[7, Conjecture 2]:

(s8y, M)y = (—1)dimc¢_dimc’* Tr (EVcw 77(7r)) (s), (30)

for every s € Z5(1) and for every admissible representation 7 of G(F'), where C; is the
stratum in V attached to the Langlands parameter of . In other words, the equivariant
local system on T¢, (V)sreg determined by the admissible representation 7 of G(F') is

Evg, P(7).
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Having calculated the left-hand side of (30) in Section 1.1 and right-hand side in
Section 1.2, we can prove |7, Conjecture 2| in our examples by simply comparing the
results of those calculations. In fact we confirm more in the examples, by showing that

Mp,s = N s (31)

for every Arthur parameter 1 with infinitesimal parameter A and for every s € Zg(v).

Here, 77{2}2\/ is defined in [7]:

BV = Z e(6)(—1) M= Tr (Bve, P(r, 0)) (as) [, 6] (32)
[7,8]€dpure, A (G/F)

where a, is the image of s € Z5(¢)) in Ay.

1.3.3. Kazhdan-Lusztig conjecture. Recall in [7, Section 6.3] we have defined a pairing
(-,) : Kllpwe A (G/F) x KPerg, (Vi) = Z

such that for any (¢, p), (¢',p') € ZA(*G)

(m(d,0), P(¢',0")) = (=1) " e(6, p)d(g,p), (60 )
where e(¢, p) is the Kottwitz sign of G5 determined by (¢, p). Kazhdan-Lusztig conjecture
predicts that

(M(¢,p),P(¢",0")) = (D5 0)0(6.p).(67 ")

for any (¢, p),(¢',p') € Zx(*G). We verify the Kazhdan-Lusztig conjecture in our ex-
amples. This is done by comparing the multiplicity matrix myp from Section 1.1.3 with
the normalised geometric multiplicity matrix méeo from Section 1.2.3:

t oy
Myep = Migeo-

As a consequence, we can verify |7, Conjecture 3] in our examples following the argu-
ment below. Let KcIlpure x(G/F)% be the subspace of strongly stable virtual represent-
ations in KcIlpure A (G/F) := Kllpyre A (G/F) @z C. It has a natural basis

Ny = > dim(p)e(¢, p) M(4,p)
p:(¢,0)EEA(FG)

parametrized by ¢ € Py(YG)/H,. After identifying KcIlpue r(G/F) with

cheer (V)\)* = Homz(KPeer (V)\), (C),
through the pairing above, we would like to characterize KcIlpure A (G /F)5" in KcPer g, (Vi )*.
By the Kazhdan-Lusztig conjecture,

(s, Py =x&(P) = D (D)o (S(Cy, £,), P),
pi(¢,p)EEX(LG)

for any P € KPerg, (Vy). Therefore, Kcllpure x(G/F)% is spanned by cho;() for ¢ €

Py(*G)/Hy in KcPerg, (Vy)*. On the other hand, by Ginzburg, Kashiwara and Dubson
[6] [13], we know that for any ¢ € Py\(L'G) and P € KPery, (V3),

NES(P) = rankBve, (P) = Y e(Co Cor XL (P),
¢’ €P(LG)/Hx

where c¢(Cy, Cy ) satisfies the following properties: ¢(Cy,Cy) = (=1)4mC and ¢(Cy, Cyr) #
0 only if Cyr D Cy. The coefficients ¢(Cy, Cy/) are related to the local Euler obstructions
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defined by MacPherson. In particular, it measures the singularity of the closure of Cy at
its boundary stratum Cy. As a consequence, we see the set of X’&zc() for ¢ € P\(*G)/H,

forms another basis for KII,ue 1 (G/F)$. Finally, it is easy to see that for any ¢ € Py (YG)
and P € KPerpg, (Vi)

(AP, P) = (~1)"(CO) e p).
So the set of néfv for ¢ € P\(*G)/H) also forms a basis for Ky \(G/F)g. This
proves |7, Conjecture 3.

1.3.4. Aubert duality and Fourier transform. In order to compare Aubert duality with the
Fourier transform, we equip V with the symmetric bilinear form (z,y) — — (x| *y ), where
¢ refers to transposition in .Jy, and we use this to define an isomorphism V — V*. We
use the notation C':= ‘C*. Let ¢ : H — H be the isomorphism of algebraic groups given
by 9(h) = th~! in which ! refers to transposition in Jy. Then V — V* is equivariant
for the usual action of H on V' and the twist by 9 of the usual action of H on V*. Now,
equivariant pullback defines an equivalence of categories Pery(V*) — Pergy (V). When
pre-composed with the Fourier transform Ft : Perg (V) — Perg (V*), this defines a functor
denoted by " : Pery (V) — Pergy (V). Our examples show

P(#,6) = P(x, ). (33)

The local system D on T} (V™*).es appearing in the twisting functor of Section 1.2.7

admits an interesting description on a subbundle of T} (V*)iee. Suppose C is of Arthur

type, so C' = Cy for an Arthur parameter ¢» with infinitesimal parameter \. Since D¢,

is a rank-1 equivariant local system on TC"vw(V)reg7 it defines a character of Ay, denoted
here by Tr D¢,,. In this paper we see in our examples that

TrDe, = Xy (34)

where xy is the character of A, that appeared in Section 1.1.5.
Using the equivalence Pery (V*) — Pery (V) described above, (22) may be re-written
in form

~

EVCP = EVCP®D0.

Taking traces, this implies
Tr (Evo 73) (a) =Tr (Eve P) (a) TrDe(a).

for every a € A%i¢. Taking P = P(r) and C = Cy, and using (33) and (34), we recover
(10).

1.3.5. ABV-packets that are not pure Arthur packets. While all pure Arthur packets are
ABV-packets in these examples, it is not true that all ABV-packets are pure Arthur
packets. In Sections 5.3.6 and 7.3.5 we discuss examples of ABV-packets that are not
pure Arthur packets and yet enjoy many of the properties we expect from Arthur packets.

1.4. Endoscopy and equivariant restriction of perverse sheaves. One of the in-
gredients in the proof of [7, Conjecture 2| in [8] for unipotent representations of odd
orthogonal groups, is the following theorem. Let G’ be an endoscopic group for G though
which A : Wrp — LG factors, thus defining X : Wr — LG Set V! = V. Let C’ be
an H'-orbit in V’; pick (2/,&") € TE/ (V' )reg and let C' be the H-orbit in V' of the image
of 2’ under V' — V. Suppose that the conormal map T, (V') — T5(V) restricts to
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TE (Veg = TE(V)reg. Let (2,6) € TE(V )reg be its image of (2,£") € T¢ (V') reg under
that map. Then, for every P € Perg(V),

(—1)dm C=dm By, o) Ply)(al) = Te(Bv(y ) P)(as), (35)

where ay is the image of s under Zz(x,§) — Az and af is the image of s under
Zé, (x,, gl) — A(m/,gl) .

In the examples in this paper, we calculate both sides of (35), independently, in order to
illustrate how the functor of vanishing cycles Ev interacts with the equivariant restriction

functor Dy (V) — Dy (V’). As explained in [8], it is (35) that allows us to conclude that

nq‘ﬁ?v is the endoscopic transfer of a strongly stable virtual representation on G’.

1.4.1. Endoscopic Vogan varieties. After recalling the endoscopic groups G’ and the in-
finitesimal parameters A’ : Wr — G’ such that A = eo )’ from Section 1.1.6, we describe
V':=Vy and its stratification into orbits under the action by H':=Zg,(\’). In all cases,
G =GP xGW so X = (A A1), Except for Section 2, we have arranged the sequence
of examples so that by the time we get to X : Wr — LG’, both AV : Wp — rg®
and \® : Wy — LG® have already been studied. Since H' = H® x HM and
V' =V® x V) we use the equivalence

Per 1) (V®) x Per ) (VD) —2 Pery (V)

to answer all questions about Perp/ (V') using earlier work.

The H'-invariant function (- |- ) : T7*(V’) — Al is simply the sum of the functions
(VM) = A" and T*(V®) — Al while [-, -] : T*(V') — b’ is likewise built from the
functions 7*(V) — hM) and T*(V?)) — h,. Consequently, the conormal bundle is

Ti (V') = Ty (V) x Tjra, (V?),

so Perg (T4 (V')reg) can be completely described using earlier work.

1.4.2. Vanishing cycles. It follows from the Thom-Sebastiani Theorem [11] that
= (IC(C<2>,L<2>) xIC((,*(l),L(l))) - (Evm(c@),L(?))) < (Evzcw(l),,c(l))) .
Thus, the functor
BV : Perp/ (V') — Perp (T (V' )reg)

may also be deduced from earlier work.

1.4.3. Restriction. The equivariant restriction functor

DH(V) — DH/(V,)

F = ]:|V’ (36)

does not take perverse sheaves to perverse sheaves. Since we wish to illustrate (35), we
compute (36) after passing to Grothendieck groups.
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1.4.4. Restriction and vanishing cycles. We have now assembled all the pieces needed to
illustrate (35). We begin by identifying all (2/,£’) € T}, (V')reg such that the image of
(2',€") in T7; (V) is regular. This gives us an opportunity to revisit the question of finding
all Arthur parameters 1 : Lp x SL(2) — LG with infinitesimal parameter X\ that factor
through € : “G’ — LG to define Arthur parameters 1 : Ly x SL(2) — L@ with infinitesimal
parameter \'. Finally, for such (2/,¢&’) we pick a simple perverse sheaf P € Pery (V) and
compute both sides of (35), where s is determined by the elliptic endoscopic group G'.

2. SL(2) 4-PACKET OF QUADRATIC UNIPOTENT REPRESENTATIONS

Set G = SL(2) over F; so G = PGL(2,C) and “G = PGL(2,C) x Wg. Suppose ¢ is
odd.

The function H!(F,G) — H!(F,G.q) is injective but not surjective; indeed, H*(F, G)
is trivial but H'(F,G%,) = po. In other words, SL(2) has no pure rational forms but it
does have an inner rational form.

Let w € F be a uniformizer and let u € F' be a non-square unit integer. Let E/F
be the biquadratic extension E = F(y/w,/u). Then Gal(E/F) = {1,0,7,07} where

o(y/u) = —y/u and 7(y/w) = —\/w. Define ¢ : Gal(E/F) — PGL(2) by

»—>01 and »—>10
o= 11 9 nd  T= (g )

Let A : Wr — LG be the infinitesimal parameter defined by the composition Ly — Wg —
I'r — Gal(E/F) followed by ¢ : Gal(E/F) — G; thus,

/\(w)=<0 1>w€LG, if wg =o,
-1 0
and

AMw) = <(1) 01> w € a, if wg=r

2.1. Arthur packets.

2.1.1. Parameters. There is only one Langlands parameter with infinitesimal parameter A
chosen above: ¢(w,z) = A(w). This Langlands parameter is of Arthur type: ¥ (w,z,y) =
Aw).

2.1.2. L-packets. With ¢ as above, we have

ze0={(5 V)% 5)-( %) (o)}

Let Ay = po X po be the isomorphism determined by

<_01 é) —(=1,#1)  and ((1) _01) (41, -1).

Using this isomorphism, the characters of A, will be denoted by (++), (+—), (—+) and
(——). The L-packet II,(G(F')) is the unique cardinality-4 L-packet for SL(2, F):

H¢(G(F)) = {T(¢7 ++)7 7T(¢, +_)7 7T(¢7 _+)? 7T(¢7 __)}
This L-packet, which is described in [19, Section 11], may be obtained by restricting a

supercuspidal representation of GL(2, F') given in [12, Theorem 4.6] to SL(2, F'). Altern-
ately, these depth-zero supercuspidal representations are produced by compact induction
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from a maximal parahoric (there are two, up to G(F')-conjugation), from (the inflation of)
the two cuspidal irreducible representations appearing in the only non-singleton Deligne-
Lusztig representation of SL(2,F,). The characters of these representations are described
in [2, §15].
Since G has no pure inner forms, the pure packet for the Langlands parameter ¢ is an
L-packet:
pure,s(G/F) = g (G(F)).

2.1.3. Arthur packets. The L-packet II4(G(F')) is an Arthur packet:
Mpure,y (G/F) = Mpure, s (G/F).
2.1.4. Aubert duality. Aubert involution fixes all the representations in this example.

2.1.5. Stable distributions and endoscopy. Since v is trivial on SL(2) in its domain, it
follows that sy = 1, so the stable invariant distribution (12) attached to % is

6@/1 = TTW(QS, ++) + TI‘7T(¢, +_) + TI‘7T(¢)7 _+) + T1"7T(¢7 __)'
For any s € Zz(¢) (the 4-group Z5(¢) appearing in Section 2.1.2) the coefficients of O
appearing in (13) are simply
(s, m(p, ££)),, = (££)(s). (37)

Besides G itself, three endoscopic groups are relevant to ¢: the unramified torus U(1)
split over F(y/u), and the two ramified tori split over F(y/w), and F(y/uw). More
precisely, in the case of the unramified torus, take s € G to be

=6 5)

and set
(0 1
n={_1 o)
Note that
s = °(w), if wg=r7
and
n = ¢°(w), if wlp=o.

Let G’ be the endoscopic group U(1) split over F(y/u) with: G = Z(s)"; action of
Wp on G’ determined by mo(Z5(s)) = Gal(F(y/u)/F); and ¢ : YG' — LG given by
G =Zz(s)° C G and
e(1 x w) :=nw, if wlg=o.
Then the Arthur parameter 1 : Lr x SL(2) — LG factors through ¢ : LG’ — LG to define
Y Lp x SL(2) — £G’, so
Y (w)=sxweld, if wlg=r.

The representation of G'(F) with Arthur parameter ¢’ is the quadratic character attached

to the extension F(y/u)/F by class field theory. Then the endoscopic transfer of the
quadratic character from G'(F) to G(F) is

ews = TI‘?T(QS,—F—F) - Trﬂ-(d)a_'__) +TI‘7T(¢7—+) —TI‘?T(d),——).

)
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The set-up is similar for the ramified tori, as we now explain. Take

(0 1 tivel 0 1
s=|_; () respectively, 1 o)

and, in the same order, set

(0 1 tivel 1 0
n=\; o)+ respectively, 0 -1/

s = 1°(w), if w|p =0, respectively, w|g =0T,

Then

and

n =¢°(w), if w|g =07, respectively, w|g=T.
Let G’ be the endoscopic group U(1) split over F'(y/w), respectively, F(y/uw) with:
G = Z ()" action of W on G’ determined by

m0(Zg(s)) =2 Gal(F(v/w)/F), respectively, mo(Zz(s)) = Gal(F(vuw)/F);
and ¢ : LG' — LG given by G’ = Za(s)° C G and
g(1 x w) :=nw, if w|g=o7, respectively, w|g=rT.

Then the Arthur parameter ¢ : Ly x SL(2) — £G factors through ¢ : G’ — LG to define
Y« Lr x SL(2) — G, so

Y(w)=sxweld, if w|g =0, respectively, w|g = oT.

The representation of G'(F') with Arthur parameter ¢’ is the quadratic character attached
to the extension F(y/w)/F, respectively, F(y/uw)/F, by class field theory. Then the
endoscopic transfer of the quadratic character from G'(F) to G(F') is Oy, s which, in
order, is

Ops = Tra(ep,++)+ Tra(p,+—) — Tra(p, —+) — Trw(p, ——), respectively,
Ops = Trm(d,++) — Tem(g, +-) — Trm(e, —+) + Tr (6, ——).
(38)
Together with the stable distribution ©,, these three ©, s form a basis for the vector
space spanned by the characters of representations with infinitesimal parameter A\. These
four distributions are expressed in terms of the Fourier transform of regular semisimple
orbital integrals, and their endoscopic transfer, in [9, §6.2].

2.1.6. Jacquet-Langlands. The L-packet that this example treats also appears in [5, §4,
page 215], alongside the L-packet for the inner form corresponding to a non-trivial cocycle
in Z1(F,G,q), which determines the compact form of G, mentioned at the beginning of
this section and now denoted by G,. The same Langlands parameter ¢ as above, when
viewed as a Langlands parameter for G, produces a singleton L-packet. In this case
Spse =Zg., (¢), which is the subgroup of Gse = SL(2) isomorphic to Qg given by

10 0 i i 0 0 1
R A
wise = -1 0 0 —i —i 0 0 —1

(0 —1)’ (—i 0>’ o i) \1 o0

The compact form G, of G = SL(2) carries exactly one admissible representation with
infinitesimal parameter A, and it corresponds to the unique irreducible 2-dimensional
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representation of this group. We denote this representation by m(¢,2). Although the
theory presented in [7] does include inner rational forms that are not pure, in Section 2.2.6
we will show how to adapt the geometric picture so that it does include 7 (¢, 2).

2.2. Vanishing cycles of perverse sheaves.

2.2.1. Vogan variety and orbit duality. Recall the groups Hy, Jy and K from [7, Section
3]. In the example at hand, these are given by

S (O R N RO P

and K\ = Ng (f) In particular, Gy = 1 and Ay, : Wr — G is trivial so V3, = 0 and
Hy, =1.

nr

2.2.2. Equivariant perverse sheaves. With reference to [7, Theorem 3.1.1] we have

Rep(4y) — " Perp, (VA) & Perp, (0)

Rep(pa x p2) Per i, x s (0) Pery(0).

In particular, there are four simple objects in Perg, (V) corresponding to the four simple
H-equiviariant local systems on V) = {0}, or equivalently, to the four characters of Aj:

Pery (V)5 = {(++)v, (+=)v, (—H)v, (—)v }-

2.2.3. Vanishing cycles of perverse sheaves. We wish to describe the functor
Ev: Perp, (Vi) — Perp, (T, (VA)reg)-

We have already seen that Perg, (Vi) = Rep(Ax). In this case we have T (Vi)reg =
{(0,0)}, so Perp, (T, (Va)reg) = Rep(Ay). With these equivalences,

Ev : Rep(Ax) — Rep(4,)
is the identity functor:

Bvy (££)v (s) = (££)(s) (39)
for every s € Z5(v).

2.2.4. Fourier transform, vanishing cycles and the twisting functor. Since both Ev and Ft
are trivial in this example, the material of Section 1.2.7 is trivial.

2.2.5. Arthur sheaves. Since V) = {0} is a single stratum, there is only one stable perverse
sheaf to consider:

Aco,=H+H)veH+H-)ve(—Hv e (—)v

Of course, this is just the regular representation of Aj.
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2.2.6. Jacquet-Langlands. We now show how to extend the geometric picture to include
the admissible representation (¢, 2) of the inner rational form G, of G.
Replace the group action Hy x Vy — V) with the group action Hy 4. X Vy — V), where

Hyse:=Zg_(N),

and where H) 4 acts on V) through H) o — H) induced by the universal cover (A?SC —~G.
The analysis of |7, Section Fix| shows that

PerH)\,sc (VA> = Rep(A/\,sc>7

where Ay oo :=mo(Hxsc). Of course, A o is just the group Sy . appearing above. Now
Ay sc has five irreducible representations up to equivalence: four one-dimensional repres-
entations obtained by pullback from the four characters of Ay we have already seen, and
one two dimensional representation, denoted by E. Thus, the category Rep(Axsc) has
exactly five simple objects up to isomorphism, and thence Perg, __(V)) has exactly five
simple objects up to isomorphism: '

Perii™(V3) jiso = {Ev, (+H)v, (+=)v, (—H)v, (—=)v }.

The rest of the story now carries through. For instance, the diagram of functors from
Section 2.2.2 becomes the following diagram:

Rep(Aj sc) Lautv, Perp, .. (V) 4“:7 Pergo (V)

*

Rep(Qs) Perg, (0) Pery(0).

Also, the functor vanishing cycles, Ev, is again the identity functor Rep(Aj sc) — Rep(Ax sc),
and the Arthur sheaf is again just the regular representation of Ay g.. Thus, simply re-
placing category Pery, (V) with Perp, _ (V\) extends the theory from pure inner twists
of G to inner twists of G, allowing us to see the Jacquet-Langlands correspondence in the
geometric perspective of [7].

2.3. Adams-Barbasch-Vogan packets.

2.3.1. Admissible representations versus equivariant perverse sheaves. The following table
displays Vogan’s bijection between Perp, (V}\)s’mple and IHpue 1 (G/F), as discussed in

Section 1.3.1. | /iso
Pers, (V)i || Mopure A (G/F)
(++)v (¢, ++)
(+-)v (-
(_+)V 7T(¢7 _+)
(__>V ﬂ—(¢7 __)

2.3.2. ABV-packets. Using the bijection from Section 2.3.1 and the trivial functor of Ev
from Section 2.2.3, it follows directly from definition (28) that

IIy(G(F)) = gt (G/F).

pure, ¢y,
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With reference to (32) and (39), in this example we find
Moy = Trmlg,+4) = Trm(g, +-) + Trm(g, —+) — Tem(6, ——),
7){2% = Trn(o,++) + Trw(p, +—) — Trw(p, —+) — Trm(p, ——), and then
MEY = Tex(g,+4) — Tr(6, +-) — Ten(g,—+) + Tew(dy )
Comparing nABV above with 7, s as calculated in Section 2.1.5 in (37) and (38), we see
that
Mo = 1.,

in all four cases, thus confirming [7, Conjecture 2| in this example.
2.3.3. Kazhdan-Lusztig conjecture. The material of Section 1.3.3 is trivial in this example.

2.4. Endoscopy and equivariant restriction of perverse sheaves. In Section 2.1.5
we saw that the Arthur parameter v factors though three elliptic endoscopic groups,
G'. For each of these G’, the infinitesimal parameter A : Wr — G factors through
e: 1G" = L@ to define X : Wp — LG".

2.4.1. Endoscopic Vogan variety. For each G above, H':=Zz;()\') is the subgroup of H
generated by s in H'; see Section 2.1.5 for s. Thus, Perg/ (V') = Rep(H’) has two simple
objects, now denoted by (+)y+ and (—)y+. Now, Vogan’s bijection for \' : Wr — Lq' is
given by the following table.

PerH/ (V/)Sig;ple
(=)vr

Then (¢, 4+) = 7(¢’, —) is the quadratic character of G'(F) = NE_’/F

¢

2.4.2. Vanishing cycles. Arguing as in Section 2.2.3, we see that
Ev' : Rep(Ax) — Rep(Ay)

Hpure x (G'/F)

(1) determined by

is trivial.
2.4.3. Restriction. The restriction functor Pergy (V) — Perg/ (V') is just restriction Rep(H) —
Rep(H’) to the subgroup generated by s.

2.4.4. Restriction and vanishing cycles. We see (35) almost trivially: the left-hand side
of (35) is
(Tr Bvy (£4)v)(as) = (££)(s)
while the right-hand side of (35) is
(—1)dim C=dim Ty B! () |y (@) = (—1)°70(££)(s).
Arguing as in [8], it follows from (35) that nABV is the Langlands-Shelstad lift of nABV.

These lifts are found by considering each case in turn: in order, take s € G to be

1 0 0 1 0 1
s-(o _1), (_1 0), and then (1 0),

in the same order, the quadratic extension E’/F is

E'/F = F(y/u)/F, F(vw)/F, andthen F(y/uw)/F.
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3. SO(3) UNIPOTENT REPRESENTATIONS, REGULAR INFINITESIMAL PARAMETER
Set G = SO(3) split over F, so G = SL(2,C) and LG = SL(2,C) x W. In this case,
HY(F,G) = H'(F,G.q) = H'(F,Aut(Q)) = Z/2Z,

so there are two isomorphism classes of rational forms of G, each pure. We will use the
notation Gy = G for the split form and G; for the non-quasisplit form of SO(3) given by
the quadratic form

—ew 0 0
0 e 0
0 0 @

Let A : Wr — G be the parameter defined by

|’LU‘1/2 0
AMw) = .
(w) < 0 |w|71/2

Even this simple example exhibits some interesting geometric phenomena, but the
Arthur packets in this example are singletons, so there is no interesting endoscopy here.
Nevertheless, this example will be important later when we consider other groups for
which SO(3) is an endoscopic group.

3.1. Arthur packets.

3.1.1. Parameters. Up to Zz(\)-conjugacy, there are two Langlands parameters ¢ : Lp —
G with infinitesimal parameter A; they are given by

do(w,x) = Mw) = va(dy) and o1 (w, x) = va(x),

where v : SL(2,C) — SL(2, C) is the identity function, thus an irreducible 2-dimensional
representation of SL(2,C). So,

P\("G)/Zg(A) = {60, &1}
Both ¢g and ¢1 are of Arthur type: define

Yo(w, z,y) :=va(y) and 1 (w, z,y) :=ve(x).
Then
Qx("G)/Za(\) = {bo, 1 }.
Observer that 1 is tempered but 1y is not. Also observe that the Arthur parameters g
and 1, are Aubert dual to each other.

3.1.2. L-packets. The component groups for the parameters ¢ € Py (*G) are

Agy =m0(Zg(¢0) =mo(T) =1 and Ay, = m0(Z5(d1)) = m0(2(G)) = pia.
Denoting the two characters of ps by 4+ and —, the L-packets for these Langlands para-
meters are:

o (Go(F)) = A{m(do)}, Iy (Go(F)) = {m(d1,+)},

Iy, (G1(F)) 0, Iy, (Go(F)) = A{m(¢1,—)}-
Here we can view these representations as that of GL(2, F') (resp. multiplicative group of
the quaternion algebra D) with trivial central character for G(F') = GL(2, F')/F* (resp.
G1(F) = D*/F*). Then 7(¢g) (resp. m(¢1,+)) is given by the trivial (resp. Steinberg)
representation of GL(2, F') and w(¢1,—) is given by the trivial representation of D*.
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To see how characters p of A, determine pure inner forms of G, pullback p along

~

70(Z(G)) — mo(Z5(4)) and then use the Kottwitz isomorphism: the trivial character of

~

Ag, (resp. Ay, ) determines the trivial character of mo(Z(G)) and therefore the split pure
inner form of G; the non-trivial character — of A4, determines the non-trivial character of
79(Zg) and therefore the non-trivial pure inner form of G. Therefore, the pure L-packets
are:

Hpure,¢o (G/F) = {[W((bo), 0]}’ Hpure,¢>1 (G/F) - { E((:EZ;; t;: ﬂ } .

3.1.3. Multiplicities in standard modules.

[ 7(¢0) m(d1,+) | m(¢1,—)

1

M (¢o) 1 1 0
M(p1,+) 0 1 0
M(¢1,—) 0 0 1

3.1.4. Arthur packets. The component groups Ay, and Ay, are both Z(G). The Arthur
packets for ¢ € Q\('G) are

Iy, (Go(F)) = {m(¢0)}, Iy, (Go(F)) = {m(¢1, )},
Iy, (G1(F)) {r(01, )} My (Gu(F)) = {m(¢1,—)}-

so the pure Arthur packets are
_ [77(¢ )s O] _ [7T(§251, +)’ 0}
Hpurcwo(G/F) - { [W(¢170—)7 1] }a Hpurc,wl (G/F) - { [7T(¢1, _)7 1] }

3.1.5. Aubert duality. Aubert duality for Go(F') and G1(F) is given by the following table.
T H T
m(¢o) || m(¢1,+)
m(¢1,—) || (b1, —)

The twisting character ., of Ay, is trivial; likewise, the twisting character x, of
Ay, .-

3.1.6. Stable distributions and endoscopy. The characters ( - ,7T>¢ appearing in the in-
variant distributions @g’s (13) are given by the first two rows of the following table. The

last row gives the analogous characters for @gls.

m H < : ?7T>f¢;0 < T >»¢,1
m(¢o) + 0
m(¢1,+) 0 +
7T(¢17 _) - -
Using the notation s = diag(sy,s1) € Ay = Z(@), we now have
O = Trm(do), O, = —s1Trm(on, )
0f . = Trm(¢,+), 0%, = s Trm(ér,—).
Therefore, in this example, the virtual representations 1, s (16) are:
Thpo,s = W(d)o) + Slﬂ-((bh _)7

Mpy,s = 7T(¢17 +) - 8177(¢17 _)'
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~

Since Ay = Z(G), the only endoscopic groups relevant to these parameters is G = Go.
3.2. Vanishing cycles of perverse sheaves.

3.2.1. Vogan variety and orbit duality. Since \ : Wr — LG is unramified and \(Fr) is
elliptic and G is split, we have A\, = .
The Vogan variety for A is

_ 0 y -~ ~ Al
t 0 (0 y . 0 %y
0 t7') " \0o o0 0 O

so V) is stratified into Hy-orbits

<
R () A (PP
)

with Hy := Zz(\)-action

The dual Vogan variety VY is given by

. 0 0\ -
V)\—{(y, 0>€g|y/
t 0N . (0 0y (0 0
0 t*l . y/ 0 t72y/ 0/’

so VY is stratified into Hy-orbits

a-( D) w0 - {( Derrve)

The Hjy-invariant function [-, -] : T*(V)\) — b, is given by

0 vy (10
(v 8= 5

From this, dual orbits are easily found.

with Hj-action

Cy=Cy dim=1 C5=0Ct

I I

~

Co=C, dm=0  C;=0C}

3.2.2. Equivariant perverse sheaves. On the closed stratum Cy there is one simple local
system 1, and its perverse extension ZC(1¢,) is the rank-one skyscraper sheaf at Cj.
The open stratum C), carries two simple local systems: 1c, and the non-trivial Ec,
corresponding, respectively, to the trivial and non-trivial characters of the equivariant
fundamental group of C,. Therefore, the irreducible shifted standard sheaves on V' are:

S(]]‘CO) = jCo!ILCo[OL
S(]lcy) = jcy!]lcy[l], and S(Ecy) = jCy!gCy[l]-

There are three simple objects in Pery, (V) = Perg, (A!) up to isomorphism:

Perp, (VA)7mP = {IC(1¢, ), ZC(1c,), ZC(Ec,)} -

/iso
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The perverse extension of 1¢, is the constant sheaf 1y, [1] = ZC(1¢,) while the perverse
extension ZC(E¢, ) of £c, is the standard sheaf obtained by extension by zero from E¢, [1].

P H P'Cg P|C’1
E(ECO) ]lco [O] 0
IC(1c,) || 1g,[1] 1, [1]
IL(Ec,) 0 &, [1]

The first two row of this table are clear since Cy and C, are smooth. To see the third
row, let 7 : V — V be the proper double cover given by y — y? and note that

m(1v[1]) = IC(1c,) ® IC(Ec, ),

by the Decomposition Theorem. Since 7. (1y[1])|c, is one-dimensional and ZC(1¢,)|c,
is one-dimensional, it follows that ZC(&c,)|c, = 0.
Thus, the geometric multiplicity matrix is

| S(le,) S(c,) | Sc,)

IC(1ey,) 1 0 0
C(le,) | -1 1 0
IC(Ec,) 0 0 1
and the normalised geometric multiplicity matrix is
H ]thO ]lhcy géy

]1200 1 0] o0

1,1 1o

g, [ o o1

3.2.3. Cuspidal support decomposition and Fourier transform. Up to conjugation, G =
SL(2,C) admits exactly two cuspidal Levi subgroups: G itself and T = GL(1). Thus,

PerHA (V)\) = PeI’H/\ (V)\)f (&5) PerH; (V)\)@

Simple objects in these two subcategories are listed below.

Persry (V)7 || Pern (VA)g) iy
IC(]lCo)
C(1c,) IC(Ec,)
The Fourier transform is given on simply objects by:
Ft : PerHA (V)\) — PerHA (V;)
IC(le,) +  IC(legy) =TC(1cy)
IL(le,) + IC(lcy) =TC(1cy)
IC(Scy) — IC(SCC*‘) = IC((C:C;)

3.2.4. Equivariant local systems on the regular conormal bundle. The regular conormal
bundle T}, (Vi)reg decomposes into two Hy orbits

T, (V)res = Té, (Vadres || T, (Va)res
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TABLE 3.2.5.1. Ev: Pery, (Vi) — Perp, (T, (Va)reg) on simple objects,
for A : Wr — LG given at the beginning of Section 3.

Pery(V) —5  Pergg (T} (V)reg)
IC(]ICO) = IC(HOD)
IC(lcy) — IC(]].oy)
IC(gcy) = Ic(goy) @ Ic(goo)

P H Evg, P Bvg, P

IC(1¢,) + 0
7c(1c,) 0 +
IC(&c,) - -

given by

Tg‘o(VA)reg:{(;/ g) | 5/;% }’ Téy(VA)reg:{(; g) | 5/72% }

We remark that
Téo (V,\)reg = Té«o (V,\)Sreg =Cy x Cg and Té«y (V)\)reg = Téy (V)\)Sreg = Cy X C;

These components are H-orbits, so every H-equivariant perverse sheaf on T (V)reg is a
standard sheaf shifted to degree 1. The equivariant fundamental groups are both given
by

AB = 1 (TE(A), (2,9) 24, (610 = T0(Za, (2,€)) = Z(G) = {1}
Let 1o, be the constant local system on Téw(VA)sreg and let &p , be the non-trivial
H-equivariant local system on T&/) (VA)Sreg. Then
IC(lo,) = S(lo,) and IC(Eo,) = S(&o,).

In summary,

Locr (T¢, (V)sieg) e = {Lon: €00}
and

Lo (T8, (V)sees)jite - = {10, €0, } -

3.2.5. Vanishing cycles of perverse sheaves. The functor Ev : Perg (V') — Per g (T} (V )reg)
is given on simple objects in Table 3.2.5.1. The lower part uses the identification of local
systems on the regular conormal with representations of the corresponding equivariant
fundamental groups, so each Evg P is given as a character of A%

We now explain the computations behind Table 3.2.5.1.

(a) From [7, Theorem 5.3.1] it follows immediately that

Bve, IC(1c,) = 1o,[1] B, IC(Ec,) = o[l
Eve, ZC(1g,) = 0 Bve, Z0(Lc,) = Loy |0].

It only remains, therefore, to determine Evc, ZC(1¢, ) and Eve, ZIC(Ec, ).
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(b)
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Since ZC(1¢,) = 1y[1], we have
Bve, IC(1c,) = RPyy (Lyv [1 B Log ) 72 (V),e

As 1y X 1gs = lyxc; is a local system and the function (y,y’) = yy' is smooth
on V x Cf, it follows [10, Exposé XIII, Reformulation 2.1.5] that

EVCO E(lcy) =0.

Note that C§ specifically excludes the locus y' = 0, which is where the singularities
would be.

We now consider the case of ZC(£¢, ), using the proper double cover 7 : V' — V,
already used in Section 3.2.2. Recall that

m(Ly[l]) =1C(1¢,) & IC(Ec,)-
By [7, Theorem 5.3.1]
Eve, m.(1y[1]) = Bvg, ZC(1¢,) ® BEve, IC(Ec,)-
We have just seen that Evg, ZC(1¢,) = 0, so
Bve, IC(Ec,) = Bve, i (1y [1]).

By [7, Lemma 5.2.1],

Evo, (L [1]) = m ( By (L ()l vy ) -
Since 7 is an isomorphism on Té(V)W_reg7
Bvo, e (Lv[1]) = R®y2y (L oy (1)1 (v)rey-
Now,
R(I)yZy’(]lVXCS [1]) = W{ICOXCS (1],
where ' : Cf — C¢ is the double cover y' — y'2. Note that
T Loyxc;[1] = Lo, [1]-
By the Decomposition Theorem,
1o, [1] = Lo, [1] ® Eo, (1],

where £p, is the non-trivial equivariant local system on Op introduced in Sec-
tion 3.2.4, which is the associated to the double cover arising from taking /y’
over Oy. Therefore,

EVC0 %(gcy) = 5@0 [1]

This completes the calculation of Ev : Pery (V) — Pergy(T*(V)reg) on simple objects, as
displayed in Table 3.2.5.1.
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3.2.6. Fourier transform, vanishing cycles and the twisting functor. Having found BEv :

Perp (V') — Perg (Tf;(V)reg) on simple objects, we also know Ev* : Perg (V*) — Perg (T (V" )reg)
on simple objects. We gather this information in the table below. The twisting functor

T from Section 1.2.7 is just a, in this example.

Pery(V) =5 Pery(Ti(V)ees) —= Peru(Ti(V:)ew) & Perg(V*)
(]].CO) — IC(]]-OO) — ﬂj(]].@g) < IC(]]-CS)
c(1e,) C(1o,) = IC(1o;) “ IC(1cy)

IC(ECy) = IC(Eo,) DIC(Lo,) IC(S@;) ©IC(Eo;) <+ IC(Ec:)

Since the map from the first to the fourth column is the Fourier transform, this verifies

(24). Note that, in this example, the local system D is trivial.

3.2.7. Arthur sheaves.

Arthur sheaf H packet sheaves coronal sheaves
Ac, Ic ILCO L(Ec,)
.Acy @ ZC(SC )

3.3. Adams-Barbasch-Vogan packets.

3.3.1. Admissible representations versus equivariant perverse sheaves. Vogan’s bijection
for A : Wr — “G chosen at the beginning of Section 3 is given by the following table:

Pergy, (V)5 || Hpurer (G/F)

ZC(1cy,) (m(¢0),0)
IC(lc,) (m(¢1),0)
C(éc,) (m(¢1, ), 1)

(

The base points for H-orbits in T7;(V)reg determined by the Arthur parameters
and v are:

0 0 0 1
(xwoﬂ&llo) = (1 0) € TEO(VA)W@ (xww&h) = (O 0) € Té'y(v)\)reg‘

3.3.2. ABV-packets. Using the bijection of Section 3.3.1, the vanishing cycles calculations
of Section 3.2.5, and the definition of ABV-packets from [7], we find ABV-packets for G
representations with infinitesimal parameter A : Wr — G from Section 3.1.1:
ABV _ [ (o), 0] ABV _ [7(¢1,+),0]
Hpure o (G/F) - { [7T(¢1, _)7 1] } Hpure Py (G/F) - [W(djla _)’ 1] .
We see that all pure Arthur packets are Adams-Barbasch-Vogan packets simply by com-

paring this with Section 3.1.4. In this example, all the strata in V are of Arthur type, so
all ABV-packets are Arthur packets.

3.3.3. Stable invariant distributions and their endoscopic transfer. In Section 3.1.6 we re-
called the coefficient appearing in the invariant distributions 7y, s attached to 1 € Q\(*G)
and s € Zg(1). Using Section 3.2.5, compare (ssy, [, 6]),, with TrBvy, P(7,6)(ssy). This
proves (30) and therefore establishes |7, Conjecture 2|, in this case:

ABV
Mp,s = 7711;,@ ’

for ¢ € QA(*G) and s € Z5(v).
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Also recall from Section 3.1.6 that the only endoscopic group relevant to 1y and v, is

Go.

3.3.4. Kazhdan-Lusztig conjecture. Using the bijection of Section 3.3.1 we may compare
the multiplicity matrix from Section 3.1.3 with the normalised geometric multiplicity
matrix from Section 3.2.2:

geo

1 1]0 1 0]o0
M= 0 1]0 |, ml,=|11]0
0 01 0 01

/

geor
resentations with infinitesimal parameter A : Wr — LG given in Section 3.1.1.

Since ‘myep, = m this confirms the Kazhdan-Lusztig conjecture as it applies to rep-

3.3.5. Aubert duality and Fourier transform. Using Vogan’s bijection from Section 3.3.1
we may compare Aubert duality from Section 3.1.5 with the Fourier transform from
Section 3.2.3 to verify (33).

Using the map Qx(“G) — T7/(V)eg We may compare the twisting characters x.,, of
Ay from Section 3.1.5 with the restriction Dy to T¢, (V)reg of the local system Dy, from
Section 3.2.6 to verify (34).

3.4. Endoscopy and equivariant restriction of perverse sheaves. The material of
Section 1.4 is trivial in this example, since Zz(v) = Z(G).

4. PGL(4) SHALLOW REPRESENTATIONS

This example illustrates the utility of [7, Theorem 3.1.1] and the significance of the
decomposition of A(Fr) into hyperbolic and elliptic parts. Here, the calculation of the
Arthur packets for certain non-tempered representations of PGL(4) is reduced to the
calculation of certain unipotent representations of SL(2). This example also example
concerns a case when H'(F,Gaq) — H'(F, Aut(G)) is surjective but not injective.

Set G = PGL(4) over F' and suppose ¢ is odd. So, G = SL(4) and LG = SL(4) x Wkg.
In this case, H'(F,G) = H'(F,G,q) = Irrep(u4), so there are four isomorphism classes
of inner forms of G, each one pure. However, G has only three forms, up to isomorphism:
the split group Gy = G itself, an anisotropic form G1, and a non-quasi-split form G5 with
a proper minimal Levi. In fact, the outer automorphism of G induces an action of order
2 on H(F,G), and the orbits of this action correspond exactly to the image of H!(F,G)
in H'(F, Aut(G)). The map H'(F,Gaa) — H(F, Aut(G)) from isomorphism classes of
inner form of G to isomorphism classes of forms of G is given by: 0 — Gq, 1 — Gq,
2 +— G2 and 3 — Gy, where the notation refers to an identification of Irrep(u4) with
7/47.

Let E be the Galois closure of the ramified extension F( *%/w). Then F is the com-
positum of an unramified quadratic extension of F' and the totally ramified extension
F(*/w); now Gal(E/F) is the dihedral group with generators o, 7, where o has
order 2 and 7 has order ¢ + 1 and 070 = 77! = 79. Consider the representation
0: Gal(E/F) — SL(2,C) defined by

0 1 ¢ 0
a»—>_10,7n—>04_1,
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where ¢ € C is a fixed primitive ¢ + 1-th root of unity. Let p : Wr — SL(2,C) be the
composition of Wr — I'r — Gal(E/F) with g. Define A : W — LG = SL(4) x Wg by

A(w) = p(w) @ va(dy).

Thus, if w|g = o then

0 0 w*? 0
0 0 0 |w/ Y2
AMw) =
(w) o] /2 0 0 0
0 w|™Y% 0 0
while if w|g = 7 then
¢ 0 0 0
lo¢ 0o o
A(w)* 0 0 C_l 0
00 0 (!

4.1. Arthur packets.

4.1.1. Parameters. There are two Langlands parameters with infinitesimal parameter A,
each of Arthur type:
po(w,x) p(w) @ va(dw), pr(w,z) = p(w) @ra(z)
Yo(w,z,y) = p(w)@va(y), Yi(w,z,y) = p(w) @ va(z).
Note that 1y and ¢ are Aubert dual.

4.1.2. L-packets. There are 5 admissible representations of the three forms Go, GG; and
G2, with infinitesimal parameter A. In order to list them, we start with the component
groups of ¢ € Py\('G). First, note that

st 0 0 O
0 S2 0 0 ~

Za(A) = 0 0 s 0 | s1s0=+£1 >~ GL(1) X po,
0 0 0 s2

under the isomorphism s+ (s1, $152). Then

Apy =m0(Zg(d0)) = mo(Z5(N) = p2 and Ay, = mo(Z5(01)) = m0(Z(G)) = pa.
Following our convention, we write + and — for the trivial and non-trivial characters
of o, respectively; the characters of u4 will be labeled by +1, —1, +i and —i. The
admissible representations for the Langlands parameters ¢g and ¢, fall into L-packets for
the three forms of G (up to isomorphism) as follows:

H¢0(G0(F)) = {W(¢07+)} thl(GO(F)) = {W(¢17+1)}
g, (GL(F)) = 0 I, (G1(F)) = }WE?HQ

g (G2(F)) = A{m(do, =)} g (G2(F)) = {m(d1,-1)}.

However, Il ure 2 (G/F) consists of 6 representations of 4 pure rational forms of G:

Mpure,p0(G/F) = { [7(¢o,+),0], [m(¢0.—),2] },

and
Hpure#’l (G/F) = { [7T(¢1, +1)v O]’ [W(lea +i)7 1]’ [7‘-(¢la _1)7 2]7 [Tr(d)la _7:)’ 3] } .
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In other words, when passing from the four equivalence classes of pure rational forms
[6] € H'(F,G) to the three isomorphism classes of forms of G, two representations collapse
to one, namely, [7(¢1,+7), 1] and [7(¢1, —i), 3] map to the same admissible representation
of Gl (F)

4.1.3. Multiplicities in standard modules.

| 7(¢0,4+) 7(do, =) m(p1,+1) (¢, —1) | m(¢1,+i) (1, —1)
M (¢o,+1) 1 0 1 0 0 0
M (o, —1) 0 1 0 1 0 0
M(¢1,+1) 0 0 1 0 0 0
M (g1, 1) 0 0 0 1 0 0
M (¢, +9) 0 0 0 0 1 0
M (1, —i) 0 0 0 0 0 1

4.1.4. Arthur packets. The component groups Ay, and Ay, are both Z (@), canonically.
Arthur packets for rational forms Gy, G; and G5 of G are

Iy (Go(F)) = {m(do,+)} Iy (Go(F)) = Am
Iy (Gi(F)) = Am(or,+i)} Iy (Gi(F)) = {m(¢r,+i
= {m(¢1,—i)}
Iy (G2(F)) = {m(¢o, =)} Iy, (G2(F))
The pure Arthur packets for ¥y and i, are

Hpure,po (G/F) = { [7(¢01 +), O]v [W(¢07 =) 2}7 [W(¢17 +i), 1]7 [7T(¢)17 -1), 2] } )

and

Hpure,y, (G/F) = { [W(¢17+1)’0]’ [77(¢1a +1), 1]7 [77(¢1a _1)v2]7 [7T(gz51, _i)73] }

For later reference, we break these pure Arthur packets apart into packet and coronal
representations:

[l
i~
3 3
NN N TN
© S
==
[

~.
— — —
— o

pure Arthur pure L-packet coronal
packets representations representations
Hpureﬂﬁo (G/F) [77(¢0a +)7 0]’ [ﬂ'(¢0, _)7 2]’ [ﬂ-((blv +i)’ 1]7 [ﬂ-((ﬁi’ _i)’ 3]
Hpure,wl (G/F) [7T(¢1, +1)7 0]7 [7‘(’(@51, +Z)a l]a [ﬂ-(¢17 _i)7 3]7 [7T(¢1, _1)7 2]

4.1.5. Aubert duality. Aubert duality is given by the following table.

s H ﬁ
7T((;507+> 7T(¢1a +1)
ﬂ-(¢07 7) 71'((;51, 71)
m(¢1,+1) (g0, +)
ﬂ_(d)la +Z) = 71'((;51, 72) 7T(¢17 +Z) = ﬂ_(d)la 72)
m(¢1,—1) (o, —)

The twisting characters xy, and X, are trivial.



ARTHUR PACKETS AND ABV-PACKETS FOR p-ADIC GROUPS, 2: EXAMPLES 35

4.1.6. Stable distributions and endoscopy. The coefficients (asay, (71',5))1/} appearing in
the invariant distributions 7, s (16) are given by the following list, in which s € A, =
2(G) = pa.

Thpo = Thpo,1 = [71—((1507 +)70] + [W(¢07 _)7 2] - [ ((bh "H;)v 1] - [ﬂ—( 1y _2)7 3]
Mpo,—1 = [7T(¢07 +)?O] + [ﬂ-(¢07 )’ 2] + [ﬂ-((blv +i)7 ] + [TF( )7 3]
Mpoyi = [Tr((bOv +)7 O] - [7T(¢0, )’ 2] - Z[ (¢1a _H')’ 1] +1 [77(9251’ _7')’ 3]
Mpo,—i = [71'((;507 +)7 O] - [W(QZ)O’ 7)’ 2] + 7’[ (¢17 +Z)’ 1] - [W(d)la 71)) 3]
and
My = Mhpr,1 = [W(¢1, +1)70] + [77(¢17 _’L)v 1] + [ (¢1a _1)7 } [TF( 7/)73]
My, -1 = [77(9261’ +1)70] + [77((]51, _Z)v 1] - [7’(’(@51, _1)7 } [ﬂ-( 1) _1)73]
Mpr,i = [W(¢1,+1),O] - [W((rbl,*z)v]-] +Z[ ((rbl?*]-)v ] [W(d)la*i)ag]
Mpr,—i = [7(p1,+1),0] = [7(p1, =), 1] — i[m (1, —1), 2] + i[m (1, —i), 3].

Since Ay, = Z (G) and Ay, = Z (@), the only endoscopic groups relevant to these
Arthur parameters are G = Gy, G1 and Gs.

4.2. Vanishing cycles of perverse sheaves.

4.2.1. Vogan variety and orbit duality. The Vogan variety V) and its dual Vy may both
be deduced from the conormal bundle

0y 0 0
con_ )|y 0 0 0 r
0 0 ¢ 0
on which H :=Zz(\) = GL(1) x 1, acts by

ss 0 0 0 0y 0 0 0 51551y 0 0
0 s, 0 0 Y 0 0 0 57 'soy! 0 0 0
0 0 s 0 00 0 yl| 0 0 0 5155 'y
0 0 0 s 0 0 ¢ O 0 0 57 sy 0

Recall that s;so = +1, so 5152_1 = :I:s%. From this we see the stratification of V' into
H-orbits and the duality on those orbits is exactly as in Section 3.2.1.

We now use |7, Theorem 3.1.1] to replace A : Wr — LG with an unramified infinitesimal
parameter A, : Wr — LGy of a split group G such that A, (Fr) is hyperbolic. The
hyperbolic part of A(Fr) is sy x 1 with

9’2 0 0 0
0 ¢2 o0 0
0 0 ¢/ 0
0 0 0 ¢/

sx = p(1) @ va(Fr) =

while the elliptic part of A\(Fr) is ¢y x Fr with

t>\ = p(FI‘) ® I/Q(l) =

o= O O
-0 o O
[l
o O = O
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Then
a b 0 0
c d 0 0 a b N
J)\ ::Z§(/\|[F,SA) = 00 a b | det (C d) ==+l = SL(Q) X U2
0 0 ¢
under the isomorphism diag(h, h) — (h',det h) where h' = h if deth = 1 and b’ = ih if

det h = —1. Therefore, G = PGL(2) and \,, : Wr — LG}, is given by

1/2

0
Anr = [l .
(w) ( 0 |w|—1/2>

Hy,, =Zg, (Aw) = {(é tgl) | t# 0} >~ GL(1)

fo{(g gé) !y} = Al
o m) o))

This brings us back to Section 3.2.1. We will freely use notation from there, below. The
H)-action on V),__ is given by

(t, +1) (8 @é) — (8 i’éfy).

coincides with a Hy

Now
and

with H)_ -action

nr

From this we see that every Hy-orbit in V) orbit in V

nr nr nr°

4.2.2. Equivariant perverse sheaves on Vogan wvariety. With reference to [7, Theorem
3.1.1] we have

Rep(Ay) —— Perp, (Vi) —><:— PerHAm(VAm)

Rep(u2) Pergr(1)xu, (AY) Pergr(1)(A)

The image of the trivial representation + of ps under the functor Rep(Ay) — Perg, (Vi)
is the trivial local system on V', denoted here by (+)y to emphasise its genesis; image of
the non-trivial irreducible representation — of o under the functor Rep(Ay) — Perg, (Vi)
will likewise be denoted by (—)v.

To find the simple objects in Perg (V'), we begin with the equivariant perverse sheaves
on H-orbits in V.

Co: The equivariant fundamental group of Cy is Ac, = mo(H) = pg. Let us write ]lgo
and 1, for the local systems corresponding to the trivial and non-trivial repres-

entations of A¢,, respectively. Note that, under the forgetful functor Locy (Cy) —
Locy,, (Cop), these both map to 1¢,, the constant sheaf on Cp.
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Cy: The equivariant fundamental group of C, is Ac, = Z (CA}) 2 4. Let us write ]lgy
and ]lay for the equivariant local systems on C) that correspond to the trivial
+1 and order-2 characters —1 of Ag, , respectively; these both map to 1¢, under
Locy(Cy) — Locs,, (Cy). We write 5gy and E¢, for the equivariant local systems

on Cy that correspond to the order-4 characters +i and —i, respectively, of Ac
these both map to £c, under Locg(Cy) — Locg,, (Cy).

y?

Therefore, the six simple objects in Perg (V') are given by:

| B B 2 )
Co)> cy, ) Cy

On simple objects, the functor Rep(Ay) — Perp, (V) is given by (+)v[1] = ZC(]la)
and (=)y[1] = ZC(1g, ); the functor Pery, (V) — Perp, (Va,.) is given by ZC(1%) —
IC(1¢,) and E(]la) +— IC(1¢,) and IC(S&) — IC(Ec,); the functor Perpy, (Vi) —
Perp, (V) is given by IC(1¢,) — ZC(1¢,) ® IC(1,) and IC(1¢, ) — IC(]lJC“y) ®IC(1s,)
and ZC(Ec, ) = IC(EL ) ® IC(Eg,)-

From this we find the stalks of the simple objects in Perg (V).

P H 73|C0 P|C+1
C(15,) [ 1500 0
IC(1g,) || 1[0 0
(s, || 16,10 18,1
(g, | 150] 16,0
TES,) | 0 &0
CEe,,) || 0 &0

This gives us the normalised geometric multiplicity matrix:

(157 (Ag)* (A5)F (Ig)*[(EL) (Eg)°
(15 )¢ 1 0 0 0 0 0
(1o )f || 0 1 0 0 0 0
(1E))* 1 0 1 0 0 0
(1) 0 1 0 1 0 0
(L) 0 0 0 0 1 0
(&) 0 0 0 0 0 1

4.2.3. Cuspidal support decomposition and Fourier transform. The cuspidal support de-
composition respects the functors appearing in |7, Theorem 3.1.1], so the results here
follow from Section 3.2.3. Specifically, we have

PerHA (V)\) = PeI’H/\ (V)\)f (&5) PerH; (V)\)@,
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where the simple objects in these summand categories are given here.

Per, (VA)Z™P1® || Pery, (V)
C(15,)
(1, )
c(1f,) ()
c(1e,) (Ee,)

Since the diagram

Rep(Ay) —— Perg, (Vi) ﬁ:; PerHMr(V,\m)

bk

Rep(Ay) —— Perg, (VYY) %% PerHM“(V;F )

nr

commutes, the Fourier transform is given on simple objects as follows.

Ft: Perg, (Vi) — Perm, (V)
(1) — 013, = T0IE)
(15 ~ () = (1)
0(15) ~ T0E) = g,)
;) (1) =Te(1y)
TO(Eh) - I0(Eh) = T(EL)
T(E) - TG = T0ES)

4.2.4. Equivariant perverse sheaves on the reqular conormal bundle. Recall that H) orbits
coincide with H)__ -orbits. The following diagram commutes:

*

Rep(Ay) —— Perp, (C*) —><7T— Perg, (C¥)

T

| | * |

Rep(Ax) —— Perm, (T6(Va)sweg) T2 Persry,, (T6(Va,,)sree)

| I 3 I

Rep(Ay) ———— Pery, () T—————— Pery, (C)

T

We now describe the fundamental groups and associated equivariant local systems on
the strongly regular conormal bundle T7;(V)ges - For the computation of the functor
Ev : Perg(V) — Perg (T} (V)reg) in Section 4.2.5 we will need to know the effect of
pullback along the bundle map T7;(V)eg — V, so we also give that information below.

Co: We choose a base point for T¢, (V)sreg:

(z0,&0) = <(1) 8) :

Then Age0) = Z((A?) 2~ uy and the bundle maps induce the following homo-
morphisms of fundamental groups:

p2 = Awo A A(Io,ﬁo) —4 Aﬁo = g
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Now label local systems on T (V)sreg according to the following chart, which
lists the corresponding characters of A, ¢,y using the convention for characters
of py from Section 4.1.2.

Loch (TE, (V)sreg) © 15, Lo, o, 500
Rep(Azge): +1 =1 +i  —i

Pullback of equivariant local systems along the bundle map T¢, (V)sreg — Co is
given on simple objects by:

Locy(Cy) — LocH(TC£( )sreg)
1%, > 15
5(9

0

Cy: We choose a base point for Téy (V)sreg:

(z1,61) = <8 é) -

Then A, ¢) = Z(@) = 14 and the bundle maps induce the following homo-
morphisms of fundamental groups:

~Y ‘d Y
Ha = Awl : A(Zl,ﬁl) A51 = M2

Now label local systems on Téy(V)srCg according to the following chart, which
lists the corresponding characters of A, ¢,) using the convention for characters
of py4 from Section 4.1.2.

Locy (T, (V)seg) : 15, 1o, &6, o,

Y

Rep(A(zl’gl)) T+l -1 —|—Z —1

Pullback of equivariant local systems along the bundle map Téy (V)sreg = Cy is
given on simple objects by: '

LOCH (Cy) — LOCH (TC*‘ (V)sreg)
15 e 15
&, o o,

4.2.5. Vanishing cycles of perverse sheaves. Table 4.2.5.1 gives the functor Ev : Perg (V) —
Perg (T4 (V)reg) on simple objects. These calculations follow from Table 3.2.5.1.

4.2.6. Vanishing cycles and Fourier transform. The twisting functor T : Perg (TF (V) reg) —
Per s (T} (V*)reg) is just a, in this example.

Peru(V) 5 Pery(Th (Veg) —= Peru(Tj, (V)wg) &= Pery(V¥)
e(1g,) IC(Jli ) — (1 é ) “ o IC(1E,)
(1E,) = ICOli) - (1 é ) i IC(J%*)
I(ES) = IC(ES,) ®IC(ES,) IC(E'O*) @ IC(SO*) — IC(E’g*)

Comparing this table with Ft : Pergy (V) — Perg(V*) from Section 4.2.3 verifies (24) in
this example.
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TABLE 4.2.5.1. Bv: Pery, (Vi) — Perp, (1%, (Va)reg) on simple objects,
for A : Wr — LG given at the beginning of Section 4.

Peryy (V) =5 Perg(Tiy, (V)reg)
(1s,) = 7C(14,)
IC(1lg,) = C(1p,)
(E,) = c(15,)
c(lg,) = c(1,,)
IEL) - T0(ES,) S 10(ES,)
IC(E*y) — IC(Say) EBIC(S(;O)
P H Bveg, P Bve, P
es) [ +1 0
(1) | -1 0
7C(14,) 0 +1
IC(]Lgy) 0 -1
IC(EL) +i +i
e(Es,) —i —i
4.2.7. Arthur sheaves.
Arthur sheaf H packet sheaves coronal sheaves

Ac, IC &) @IC(1g,) & cEl) e IC(Eg)
Ac, &)@ IC(lg,) @ IC(EL ) @ IC(EG,) ' '

4.3. Adams-Barbasch-Vogan packets.

4.3.1. Admissible representations versus perverse sheaves.

Perpr, (V3 )S2P' || Tpuee r (G/F)
7C(14,) (m(¢0,+),0)
IC(1g,) (m(¢0, —)2)
(15) | (761, +1).0)
) | ((6.-1),2)
EL) | @on+0). 1)
0(65) | (rl(r,-i),3)
4.3.2. ABV-packets.
ABV-packets H pure L-packet representations coronal representations
0 50 (G/F) = || [m(¢0, +), 0], [7(¢0, —), 2] [m(¢1, +1), 1], [w(¢1, —1), 3]
IABY 5 (G/F) « || [m(¢1,+1),0], [w(¢1, +1),1], [7(d1,—1),2], [7(¢1, —), 3]
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4.3.3. Stable distributions and endoscopic transfer.

i = = [w(00, ), 0+ [(60, =), 2] = [w(61,+0),1] = (61, ), 3]
anYl = [m(¢o, +), 0] + [1(¢o, —), 2] + [m(¢1, +4), 1] + [m(¢1, —i), 3]
Npwy = [m(o,+),0] = [w(¢o, =), 2] = i[m(¢1, +1),1] + i[m(p1, —i), 3]
miBV. = w0, +),0] — [1(g0, —), 2] +i[m (b1, +0), 1] —i[n (o1, —i), 3]

BV =niBY = [w(¢1,1),0] 4 [(¢1,0), 1] + [w(p1, —1), 2] + [7 (1, —i), 3]
Yy = [w($1,1),0] + [7(61,4), 1) = [7(h1, —1),2] = [7($1, —1), 3]
771121821 = [W(Qsl,l),()}7[7T(¢1,7;),1]+Z[71’(¢1,71), } [ﬂ(¢17*i)’3]
miBV, = [m(61,1),0] = [1(61,9), 1] — i[r(p1, —1), 2] +i[r(¢1, i), 3]

Comparing with Section 4.1.6 proves (31).

4.3.4. Kazhdan-Lusztig conjecture. From Section 4.1.3 we find the multiplicity matrix:

101 0 00
010100
—— 0 01 000
P10 0 001 0 0}
0 00 010
0 00 001
and from Section 4.2.2 we find the normalised geometric multiplicity matrix
10 00 00
01 0000
, |1 0 1 0 0 O
Meeo =0 1.0 1 0 0
0 00 010
0 00 001
Since mﬁep Mo, this proves the Kazhdan-Lusztig conjecture in this case.
Notice that
101 0 00
010100
00100 0]_ (1) } 8 ® (1 0)
000100 00 1 0 1
000010
0 00 001

and compare with Section 3.3.4.

4.3.5. Aubert duality and Fourier transform. Using Vogan’s bijection from Section 4.3.1
we may compare Aubert duality from Section 4.1.5 with the Fourier transform from
Section 4.2.3 to verify (33).

Using the map Qx(*G) — T3 (V)reg We may compare the twisting characters x,, of Ay
from Section 4.1.5 with the restriction Dy to T¢; (V)reg of the D from Section 4.2.6 to
verify (34).

4.4. Endoscopy and equivariant restriction of perverse sheaves. The material of
Section 1.4 is trivial in this example, since Z5(v') = Z(G).
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5. SO(5) UNIPOTENT REPRESENTATIONS, REGULAR INFINITESIMAL PARAMETER

In this example, of the four Langlands parameters with infinitesimal parameter A below,
only two are of Arthur type. Accordingly, we find two ABV-packet that are not Arthur
packets.

Let G = SO(5), so G = Sp(4) and ZG = G x Wg. As in the cases above,

H'(F,G) = H'(F,G.) = H'(F, Aut(G)) = Z/2Z,

so there are two isomorphism classes of rational forms of G, each pure. We will use the
notation Gy = G and G; for the non-quasisplit form of SO(5) given by the quadratic
form

0 0 0 0 1
0 —ew 0 0 O
0 0 e 0 0
0 0 0 @ 0
1 0 0 0 0
Let A\: Wp — G be the unramified homomorphism
w*? 0 0 0
0 w0 0
MFr) =
(Fr) 0 0 |w™* o
0 0 0 w2

Here and below we use the symplectic form (z,y) = ‘zJy with matrix J given by J;; =
(—1)785_; ; to determine a representation of G = Sp(4).

Although this example exhibits some interesting geometric phenomena, there is still
no interesting endoscopy here. Nevertheless, this example will be important later when
we consider other groups for which SO(5) is an endoscopic group.

5.1. Arthur packets.

5.1.1. Parameters. Up to Zgz(\)-conjugation, there are four Langlands parameters with
infinitesimal parameter A:

do(w,x) = wy(dy) = AMw),
|w|x11 |w|x11 0 0
w|x w|x 0 0
dr(wz) = v3(dw) ®ra() = | |021 | |022 lw| Tz w| e |
0 0 "LU| T11 \w|71x12
w2 0 o 0
orw.x) = W) Em@=| o | T2 0
’ 0 To1 T2 0 ’
0 0 0 | |w ™7

¢3(wax) = V4(:L')7

where vy : SL(2) — Sp(4) is the irreducible 4-dimensional representation of SL(2). Of the
four Langlands parameters ¢g, ¢1, ¢o and ¢3, only ¢g and ¢3 are of Arthur type; define

volw,z,y) = w(y), and Y3(w,z,y) = va(x).
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5.1.2. L-packets. The component groups Ay, and Ay, are trivial, while the component

groups Ay, and Ay, each have order two, being canonically isomorphic to Z (@) There-
fore, the representations in play in this example are:

g, (Go(F)) = {m(¢0)}, Iy (G1(F)) = 0,
g, (Go(F)) = A{m(d1)}, Iy, (G1(F)) = 0,
g, (Go(F)) = {m(d2, +)}, g, (G1(F)) = A{7(d2, —)}

[y, (Go(F)) = {m(#3,+)}, My, (G1(F)) = {m(3,—)}.

Of the four admissible representations of G(F') with infinitesimal parameter X, only
7(¢s3,+) is tempered — this is the Steinberg representation. The representation m(¢1)
(resp. (¢, +)) is denoted by L(V3/2C,(Stso(3)) (resp. L(v¢Stgr(z))) with ¢ = 1in [17].
When arranged into pure packets, we get

Hpure 60(G/F) = {[r(¢0),0]}
pure 1 (G/F) = {[ﬂ-(qﬁl)ao]}
Mpure,p (G/F) = {[m(¢2,+),0], [(¢2,—), 1]}
Mpure 05 (G/F) = {[m(¢s,+),0], [r(¢s,—), 1]}

5.1.3. Multiplicities in standard modules. The standard module M (¢;) (resp. M (¢2,+))
is denoted by v3/2( x Stgo(s) (resp. ¢ Stgr,2) ¥1) with ¢ = 1 in [17]. The following table
may be deduced from [17, Proposition 3.3].

| 7(do) w(p1) (o, +) m(ds,+) | 7(¢2,—) w(gs,—)
M (o) 1 1 1 1 0 0
M (1) 0 1 0 1 0 0
M(p2,+) 0 0 1 1 0 0
M(ps,+) || 0 0 0 1 0 0
M(ga,—) || 0 0 0 0 1 1
M(ps,—) || 0 0 0 0 0 1

5.1.4. Arthur packets. The Arthur packets for these representations are
Iy (Go(F)) = {m(do,+)}, Iy (G1(F)) = {m(¢1, )},
Iy, (Go(F)) = {m(¢3,+)} Iy, (G1(F)) = {m(¢s, )}
When arranged into pure packets, we get

pureio (G/F) = {[m(¢0, +),0], [r(¢1,—), 1]},
Hpureys (G/F) = {[m(¢3,+),0], [7(¢s,—), 1]}

5.1.5. Aubert duality. Aubert duality for Go(F') and G1(F) are given by the following
table.

T H s
(o) || 7(¢3,+)
m(¢1) | 7(¢2,+)
’/T(d)%—i_) 7T(¢1)
ﬂ—((b?n—’_) 7T(¢O)
(P2, —) || m(b3, —)
m(p3,—) || (P2, —)

The twisting characters xy, and X, are trivial.
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5.1.6. Stable distributions and endoscopic transfer. For s € Z(CA?) > o, the virtual rep-
resentations 7y, s and 7y, s are given by

Thpo, 1 = [W(¢0)70] - [W(¢27_)71]
Myo,—1 = [m(d0),0] + [w(d2, —), 1]
and
Mps, 1 = [W(¢37+>7O] + [ﬂ-(¢37_);1]
Mps,—1 = [W(¢3,—|—),0] - [W(¢3a_)71]'

There are no endoscopic groups relevant to ¥y or 3 other than Gy and G;.
5.2. Vanishing cycles of perverse sheaves.

5.2.1. Vogan variety and orbit duality. Now

ty, 0 0 0
o 0 ta O 0 t1 #0
H=2gN =310 o t,h 0 | ty #0
0 0 0
The Vogan varieties V and V* are given by
0w 0 O 0 0 0 O
_ 0 0 =z O . v 0 0 0 ;L
Vo= 000 ufl wT o VS 0 o 0 ofl W
0 0 0 O 0 0 « 0
The action of H on T*(V) is given by
tp 0 0 0 0 u 0 0 0 tity ' 0 0
0 t2 0 O W 0 z 0 o |t tou/ 0 t3x 0
0 0 t;' 0 0 2 0 u 0 ty 2! 0  tty'u
0 0 0 ¢t 0 0 « 0 0 0 t7 o’ 0
The conormal bundle is
0 w 0 O
N - v 0 z 0 uu’ =0
Ti, (V) = 0 27 0 u | zz' =0
0 0 « 0
Now V is stratified into the following H-orbits:
0 0 0O 0w 0 O
o 0 0 0O . 0 0 =z O u#0
Co:= 0000’03'_000u|x7é0’
0 0 0O 0 0 0 O
and
0 u 0 0 00 0 O
0 0 0 0 0 0 =z O
Cw=31o 0 0 u|l ¥70 ¢ CGi=q o 0 0 ofl #70
0 0 0 0 00 0 O
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The dual orbits in V* are

0 0 0 0 0 0 0O
. u 0 0 0 "£0 . 0 0 0O
G = 0 2/ 0 0 | o #£0 (7 Clz = 0 0 0O ’
0 0 « 0 0 0 0O
and
0 0 0O 0 0 0 O
. 0 0 0O , . w 0 0 0 /
C=lo & o of I ¥7F0 ¢ G=qlo 0 0 of | W70
0 0 0O 0 0 « 0
The following diagram gives the closure relations for these orbits.

C“m = Cp dlm =2 C = thm:
Cy=0C, C,=C, dim=1 Cr=Ct Ccx=C!
Co = Cus dim =0 Ccr,=Cl

5.2.2. Equivariant perverse sheaves. The equivariant fundamental groups for Cy and C,,
are trivial, so they each carry only one equivariant local system, denoted by 1¢, and 1¢,,
respectively. The equivariant fundamental groups for C, and C,, have order two, so they
each carry two equivariant local systems, denoted by 1¢,, L¢,, 1¢,, and L¢,, . Thus,

Pery (V)50P! = {IC(1¢, ), ZC(1c,), ZC(Lc,), ZC(1c,,), ZC(Lc,), IC(Lc,,)}-

/iso

ux®

The following table describes these perverse sheaves on H-orbits in V.

P [Pl Plo. Ple. Plew.
(1) || Lo 0] 0 0 0
IC(1e,) | Leo[t] 1e,[1] 0 0
IC(le,) | Lo[t] 0 1g,[1 0
IC(le,,) || Leo[2] 1c,[2] 1c,[2] 1c,.[2]
(Le) |0 0 Lol 0
e(Le,,) 0 0 Lel2] Le,,[2]

We now explain how to make these calculations.

(a) For the first four rows in the table above, those that deal with ZC(1¢), it is
sufficient to observe that the closure C of each strata C' is smooth, hence the
sheaf 1[dim(C)] is perverse.

(b) For the remaining two rows, those that deal with ZC(L¢), we observe that the
closure C of the strata C' admits a finite equivarient double cover 7 : C—>C
by taking v/Z. Because C is smooth, the sheaf 15[dim(C)] is perverse. The de-
composition theorem for finite maps of perverse sheaves yields m(15[dim(C)]) =
IC(15) ®IC(Ls). Proper base change, the decomposition theorem for finite étale
maps, and our earlier computations for ZC(1) then allows us to readily compute
the stalks of ZC(Lx).
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From this, we easily find the normalised geometric multiplicity matrix
0 0

ur

- olo o o ol

O Ol O = O
O Ol O O O

O O~ =k O
= =0 O O

1
1
1
Lo
0
0

5.2.3. Cuspidal support decomposition and Fourier transform. Up to conjugation, G =
Sp(4) admits exactly two cuspidal Levi subgroups: M= Sp(2) x GL(1) and T = GL(1) x
GL(1).
PerHA (V)\) = PerHA (V)\)f (&%) Peer (V/\)M\

Simple objects in these two subcategories are listed below.

Pery; (V) || Pera (V)

IC(1c,)

c(1c,)

IC(le,) | IC(Le,)

x

(le,.) | (Lo,

uz

The Fourier transform is given as follows:

%(ﬂco) — ZC(]ICJ) :E(]lew)
%(]lcu) — ZC(]IC;) = IC(]lcé)

IL(le,) + IC(lc:) =IC(lcy)

c(lec,,) +— IC(lcs,)=2C(1cy)
IC(Le,) = IC(Leg)=TC(Lcy,)
ZC(L:CM) — IC(EC;;) = E(ﬁc;)

5.2.4. FEquivariant local systems on the regular conormal bundle. The regular conormal
bundle to the H-action on V' decomposes into H-orbits

T;I(V)reg :Téo(v)reg U Tg‘,u(v)reg U Té‘x(v)reg U Té,ux(v)reg,

where each T¢(V),eg is given below. In each case, the microlocal fundamental group Amic

~

is canonically identified with Z(G) = {+1}.

Co: Regular conormal bundle:

0O 0 0 O
N v 0 0 0 u #0 .
TCO (V)reg = 0 2 0 0 | ! 7; 0 = CO X C’O
0 0 o O
Base point:
0 0 0 O
1 0 0 O "
(1’0, 50) = 010 0 S TCU (V)reg
0 0 1 0
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Fundamental groups:
id
1= Axo A(Io,fo) AEO = {il}

Local systems:

LOCH(Ta)(V)sreg) : ]1@0 ﬁoo
Rep(A(mmEo)) o+ —
Pullback along the bundle map 7¢, (V)sreg — Co:

Locy(Cy) — Locu (T, (V)sreg)

]]-CU — ]].(90
Lo,
: Regular conormal bundle:
0 w 0 O
" . 0 0 0 O u#£0 B .
T, (V)res = 0 2 0 wu | A0 [ Cux C,
0 0 0 O
Base point:
01 00
0 0 0O .
(z1,61) = 010 1| TE, (V)reg
00 0O

Fundamental groups:
1= Ay ¢ A o) —2 Ag, = {1}

Local systems:

LOCH(Té“ (V)Sreg) : ]lo“ L:ou
Rep(A(M:El)) : + —

Pullback along the bundle map T¢, (V)sreg = Cu:
Locy(Cu) — Locu(Tg, (V)sreg)

Ilcu — Ilou
Lo,
: Regular conormal bundle:
0 0 0 O
X _ v 0 =z O w#0 | .
Te,Vhes=9310 0 0 0| | 220 (%>
0 0 u 0
Base point:
0 0 0O
1 010 X
(3327 52) = 00 0 0 € TCI (V)reg~
0 010

Fundamental groups:

id
{il} = Agg2 — A(Iz,gz) Emd Agz =1

47
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Local systems:

LOCH(TéI (V)sreg) : ]loz ,Cow
Rep(A(r27§2)) : + —

Pullback along the bundle map T, (V)sreg = Ca:
Locy(Cr) — Locu(TE, (V)sreg)

ILCI — IL(QI
ECZ — E@I

Clz: Regular conormal bundle:

0 v 0 0
x 0 0 =z O u#0 "
TCW (V)reg = 00 0 wu | x z 0 = Cuac X Cugc
0 0 0 O
Base point:
01 0 0
00 10 .
(£B3, 53) = 00 0 1 € Cuz (V)ng

0 0 0 O

Fundamental groups:
id
{£1} =Ap, ¢ Ay — Ay =1

Local systems:

LocH(Tém (V)sreg lo,. Lo,
Rep(A(%;ﬁs) + —

Pullback along the bundle map T¢ (V)sreg = Cuz:

Locyg(Cuz) — LocH(TéuI (V)sreg)
1c,. — lo,.
Lc — Lo,,

):
):

5.2.5. Vanishing cycles of perverse sheaves. The functor Ev : Perg (V') — Per g (T4 (V )reg)
is given on simple objects in Table 5.2.5.1
We now explain how to make these calculations.

(a) To compute Eve, ZC(1 ¢, ) we look at the vanishing cycles
Bvo, IC(1e,) = R®uor (1 o)

5, (Vres 1]-

The singular locus of z2’ is © = 2’ = 0 but this is not part of T¢ (V)reg, S0
Eve, ZC(1¢,) = 0. All the non-diagonal entries in the first four rows work simil-
arly.

(b) To compute the last two rows of the tables above we consider the map 7 : C' — C”
which comes from taking a square root of z. Rather than directly applying Ev
to ZC(Lcr) we apply it to m(1lg,) and exploit the fact that we have already
computed Ev for the ZC sheaves of constant local systems. For example, in the
case of Evg, (m(1g )) we will compute:

x

(7T! R(I)chﬂ/(].é, X ]]-cg))TéO(v)reg .
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TABLE 5.2.5.1. Ev: Pery, (Vi) — Perp, (T%, (Va)reg) on simple objects,
for A : Wr — LG given at the beginning of Section 5.

Perg (V) =5 Perg (T (V)reg)

IC(le,) = IC(1o,)
c(le,) IC(lo, )
IL(le,) =~ IL(1o,)
IC(]lCuz) — IC(]I()M)
IC(EC ) = ﬂj(ﬂox) @E(ﬁoo)
c(Le,,) = IC(Lo,,)®IC(Lo,)
P H EVCO P EVCu P Ech P EVCu = P
IC(1ey,) + 0 0 0
IC(1¢,) 0 + 0 0
IC(1e,) 0 0 + 0
C(1e,,) 0 0 0 +
o) = 0 - 0
Lo )| 0 - 0 -

The singular locus is precisely x = 0 (noting that z’ is not actually zero on the
variety under consideration). The local structure of the singularity is that it is
a smooth family (in the variable u') over the singularity of 222’ over A x Gy, It
follows that the vanishing cycles on such a singularity is the sheaf supported on
x = 0 associated to the non-trivial double cover v/z’. Finally, by observing that
the map 7 is an isomorphism on the support of R®, we conclude that:

Bvo, (m(1g)) = IC(Lo,)-

The other entries are computed similarly.

5.2.6. Fourier transform, vanishing cycles and the twisting functor. The twisting functor
T : Perg (TH(V )reg) = Pera (Th;(V*)reg) is just a, in this example.

Pers,(Va) —%  Perg(Th, Vi) —=  Perm(Th (Videeg) € Perm, (VY)
IC(]]-CO) = IC(]]-OO) = ZC(I]-OS) <~ ZC(I]-C(’{)
ZC(]]-CU,) — IC(]L@“) — IC(IL():) < E(]].c;:)
IC(]ICI) — IC(I[OI) = IC(IL@;) < ZC(IL(;;)
IC(]lCM) — m(ﬂow) — %(]l@* < IC(]lCZI)
IC(Le,) = IC(Lo,)®IC(Lo,) + IC(Loz)DIC(Log) <+ IC(Lcg)
c(Le,,) = I(Lo,,)BIC(Lo,) w IC(Los,)BIC(Lo;) <+ IC(Lcy)

Comparing this table with the Fourier transform from Section 5.2.3 confirms (24) in this
example.



50 C. CUNNINGHAM, A. FIORI, J. MRACEK, A. MOUSSAOUI, AND B. XU

5.2.7. Arthur sheaves.

Arthur || pure L-packet coronal
sheaf || sheaves perverse sheaves
Ac, || ZC(1c,) @ IC(Le, )
Ac, IC(1le,) & IC(Le,,)
Ac, | Z(l¢,) © IC(Lo,)

Ac,. || ZC(1¢,,) © IC(Lc,,)

5.3. Adams-Barbasch-Vogan packets.

5.3.1. Admissible representations versus equivariant perverse sheaves.

Per s, (VA)TP' || Mpure n (G/F)
IC(]]‘CO) (W(¢0)a 0)
L(1e,) (7(¢1),0)
IC(1c,) (m(¢2,+),0)
IC(1c,,) (m(¢3,+),0)
ZC('CCT) (W(d)% _)7 1)
C(Le,,) (m(¢p3,—),1)

The Arthur parameters 19 and 5 correspond uniquely to the base points (xg,&p)
and (z3,&3) from Section 5.2.4 under the map Qx(*G) — T};(V)req given by |7, The-
orem 4.1.1].

5.3.2. ABV-packets. Using Section 5.2.5 and the bijection of Section 5.3.1, we simply
read off the ABV-packets:

AV 5. (G/F) = {[n(¢0),0], [7(¢a, —),1]}
BV (G/F) = {[w(¢1),0], [r(ds,—), 1]}
ABY  (G/F) = {[x(¢2,4),0], [r(¢2,—), 1]}
BV (G/F) = {[n(¢s,+),0], [w(¢s,—), 1]}
Using Section 5.1.4, we see
Hpure,wo(G/F) = HSEX%(G/F)
Mpure,, (G/F) = TIABY (G/F),

thus verifying that Arthur packets are ABV-packets for admissible representations with
infinitesimal parameter A : W — “G given at the beginning of Section 5.

5.3.3. Stable distributions and endoscopy. For s € Z(@) 2 Lo, the virtual representations

n(ﬁf‘v of (32) are given by

nABY = [n(g0),0] - (g2, ), 1]
nABY = (o), 0] + [m(2, —). 1]
niBY = [n($1),0] + [r(¢s, ), 1]
BV = (1), 0] — [m(¢3, —). 1]
Mgy = [m(ba, +),0] = [(d2, —), 1]
maBY = [w(¢,4),0] + [m(2, —), 1]
Nery = [n(¢s,+),0] + [7(¢s, —), 1]
By, [m(¢3,+),0] = [r(¢3, ), 1]

Comparing with Section 5.1.6, this proves (31) in this example.
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5.3.4. Kazhdan-Lusztig conjecture. Using the bijection of Section 5.3.1 we compare the
normalised geometric multiplicity matrix from Section 5.2.2 with the multiplicity matrix
from Section 5.1.3:

111 1]00 100 0[]0 0
010 1/0 0 1 100/00
oo 1100 , | 101 0]0 0
Mrep = g 0 0 1]0 0 |*  Meeo 1 11 1/00
000 O0]1 1 000 0|1 0
000001 00001 1

!

Since 'myep = Mygeo, this confirms the Kazhdan-Lusztig conjecture as it applies to repres-

entations with infinitesimal parameter A : Wr — LG given at the beginning of Section 5.

5.3.5. Aubert duality and Fourier transform. Using Vogan’s bijection from Section 5.3.1
we may compare Aubert duality from Section 5.1.5 with the Fourier transform from
Section 5.2.3 to verify (33).

Using the map Qx(*G) — T};(V).eg We may compare the twisting characters x,, of Ay
from Section 5.1.5 with the restriction Dy, to Ta/)(V)reg of the D from Section 5.2.6 to
verify (34).

5.3.6. ABV-packets that are not pure Arthur packets. The closed stratum Cj and the
open stratum C3 are of Arthur type, while C; and C5 are not of Arthur type. Thus, there
are two ABV-packets that are not Arthur packets in this example:

HSIE}%&(bl (G/F) = {[ﬂ-(qbl)u 0]7 [W(¢37 _)7 1]}
Hgﬁe,@ (G/F) = {[W(d)% +)v 0]7 [ﬂ-(d)?a _)a 1]}
From these we extract four stable distributions,
050 = Trr(¢1) 051 = Trm(¢s —)
05 = Trr(e,+) O5 = Trm(gg, —).

We will see more interesting examples of ABV-packets that are not pure Arthur packets
in Section 7.3.5.

5.4. Endoscopy and equivariant restriction of perverse sheaves. The material
from Section 1.4 is trivial in this case.

6. SO(5) UNIPOTENT REPRESENTATIONS, SINGULAR INFINITESIMAL PARAMETER

In this example we encounter an L-packet of representations of SO(5, F') that is lifted
from an L-packet of representations of SO(3, F) xSO(3, F). In Section 6.4 will see how this
lifting may be understood through equivariant restriction of perverse sheaves on Vogan
varieties, and their vanishing cycles.

Let G = SO(5). Then HY(F,G) = Z/27Z. Let G; be the non-split form of G, as in
Section 5. We consider admissible representations of G(F') and G1(F') with infinitesimal
parameter \ : Wr — G given by

w2 0 0 0
0 | o 0

AMw) =
(w) 0 0 w0

0 0 0w
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6.1. Arthur packets.

6.1.1. Parameters. There are three Langlands parameters with infinitesimal parameter
A, up to Zgz(\)-conjugacy, each of Arthur type. Set

Yo(w,z,y) = 1a(y) ®ra(y),
1/J2(w7$ay) = VQ(LZ') 5> VQ(y)7
3w, z,y) = va(x) ® we(x),

and observe that ¢y and 13 are Aubert dual while 15 is self dual. Let ¢qg, ¢o and ¢3 be
the associated Langlands parameters; thus,

do(w,x) = vo(dw) ® va(dw),
pa(w,x) = va(x) @ ra(dy),
o3(w,z) = wva(x) ®re(x).

6.1.2. L-packets. The pure component groups for these three Langlands parameters are
Agy =1, Ay, = {£1}, Agpy =2 {£1}.

Thus, there are five admissible representations of two pure forms of SO(5) in play in this
example. When arranged into L-packets, these representations are:

[y (Go(F)) = {m(0)} Iy (G1(F)) = 0,
[y, (Go(F)) = {m(d2,+)}, [y, (G1(F)) = {m(d2,—)},
My, (Go(F)) = {m(d3,+),7(d3,—)}, Iy, (Gi(F)) = 0.

Of these five admissible representations, only m(¢s,+) and 7(¢3, —) are tempered; these
two representations are denoted by 75 and 71, respectively, in [17]. The admissible repres-
entation 7(¢g) is denoted by L(v'/2¢,v/2¢, 1) with ¢ = 1 in [17] and 7(¢o, +) is denoted
by L(v'/2¢, ¢ Stso(s)) with ¢ = 1.

6.1.3. Multiplicities in standard modules. The standard module M (¢g) is induced from
the Levi subgroup GL(1, F) x GL(1, F) x SO(1, F) of SO(5, F); it is denoted by v'/2¢ x
vY/2¢ x 1 with ¢ = 1 in [17]. The standard module M (¢z,+) is induced from the Levi
subgroup GL(1, F) x SO(3, F) of SO(5, F); it is denoted by v'/2¢ x ¢ Stso(s) with ¢ = 1in
[17]. The standard module M (g3, &) coincides with the tempered representation (g3, +).
The 4 x 4 block in the following table may be deduced from [17, Proposition 3.3].

| 7(¢0) w(g2,+) w(os,+) w(os,—) | (¢, —)
M (o) 1 1 1 1 0
M (g2, +) 0 1 1 0 0
M(¢3,+) 0 0 1 0 0
M(¢s, —) 0 0 0 1 0
M(py, —) 0 0 0 0 1

6.1.4. Arthur packets. The component groups for the Arthur parameters in this example
are

Ay, = {£1}, Ay, = {£1} x {£1}, Ay, = {£1}.
We may represent elements of each A, as cosets with representatives taken from f[Z] The
map T[2] — Ay, is s — s152; the map ZA“[Q] — Ay, is s = (s1, 52); the map f[Q] — Ay,
is s — s5159.
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The Arthur packets for Arthur parameters with infinitesimal parameter \ are:

Iy (Go(F)) = {m(do), m(¢2,+)}, Iy, (G1(F)) = 0,
Iy, (Go(F)) = {m(¢2,+),7(¢3,—)}, Iy, (G1(F)) = {m(¢2,-)},
Iy, (Go(F)) = {m(¢s,+),7m(d3, )}, Iy, (Gi(F) = 0.

We arrange these representations into pure Arthur packets in the table below.
pure Arthur pure L-packet coronal
packets representations representations
Upure,po (G/F) || [7(d0), 0] [ (2, +),0]
HPHFC#& (G/F) [W(d)% +)’ O]a [’/T(d)% _)7 ]-] [77((;53) _)a O]
Hpure,ws (G/F) [ﬂ—((b?)? +)7 O]a [71—((;537 _)7 0]

6.1.5. Aubert duality. Aubert duality for Go(F) and G;1(F) are given by the following
table.

r | #
m(¢o) | m(¢3,+)
(o2, +) || m(¢3, —)
ﬂ—( 37+) 7T(¢07+)
7T< 37_) 7T(¢2a+>
(P2, —) || T(d2, —)

The twisting characters x, and x., are trivial. The twisting character x., of Ay, is
X, (8) = s152 = det(s). This is the first non-trivial twisting character to appear in this
paper.

6.1.6. Stable distributions and endoscopic transfer. The stable distributions

0, = Z (sy,m), Trm
w€lly (Gs(F))

attached the Arthur parameters are:

Oy, = Trm(o) + Trm(¢z, +)
Oy, = Trm(¢e,+)— Trr(s,—)
Oy, = Tra(ds,+)+Trr(es, +).
The distributions
Oy, = Z (ssy,m),, Trm,

mElLy (Gs(F))
where s € Zz(v), are obtained by transfer from endoscopic groups. The coefficients above
are given by
(ssy, 7T>¢ = (8¢, 7T>¢)<57 7T>1/;
where (sy, ), appear above while (s, 7),, is given by the tables below.
We now give ( ) b3S a character of A, using the isomorphisms from Section 6.1.4.

i H (- ’7T>¢o (- ’7T>1/12 (- ’7r>1113
(o) + 0 0
(P2, +) — ++ 0
m(¢3,+) 0 0 -
m(¢3, —) 0 - -
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~

Now we give the value of this character on the image of s = diag(s1, 2,55 ', 87 %) € T|[2]
in Adl'

™ H <577r>1p0 <S77T>1p2 <3a77>¢3
(o) 1 0 0
7T(¢2,+) 5182 1 0
7T(¢3,+) 0 0 1
7T((j53, —) 0 51592 5182
For instance, if we take s = diag(1,—1,—1,1) € T[2] then
@go)s = Tra(gg) — Tro(de, +),
62213 = TI‘7T(¢2,+)+TI'7T(¢3,—),
6¢313 = Tr7r(¢3,+)—”_[‘r7r(¢3,—).

In this case, the elliptic endoscopic group G’ for G determined by s is G’ = SO(3) x SO(3),
split over F.

6.2. Vanishing cycles of perverse sheaves. We now assemble the geometric tools
needed to calculate the Arthur packets, stable distributions and endoscopic transfer de-
scribed above.

6.2.1. Vogan variety and its conormal bundle.

0 0 1]0 0
_ o o dool,
V_ |x7y7z V - Zl y/ 0 0 |m7y7z
=210 0
SO
0 0 |z =z
* _ 0 0 Yy —z T, Y, % .,
(V)= 7 4 |0 0 | oyl 2 C sp(4)
Z =210 0
The cotangent bundle T*(V') comes equipped with an action of
al b1 0 0
L o C1 d1 O 0
H:=27Zz\) = 00 [a Do € Sp(4)
0 0 C2 d2

We will write hy = (% %) and hy = (?2%2). Then hy = hydet h{!, by the choice of

C1 (il C2 d2

symplectic form J in Section 5. In particular, H = GL(2). The action of H on V, V*
and T*(V) is given by
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The conormal bundle is

z oz 27 +zx' =0

. y -z z2' +yy =0
TH(V) = 2y | zx' —y2 =0
=z 2z — 2y’ =0

6.2.2. Equivariant local systems.

Cy: Regular conormal bundle above the closed H-orbit Cy C V:

0 0
* 0 0
TCO (V)reg = PV | z'y — 2 #0
=2
Base point:
0 0
0 0 "
(x07 fo) = 0 1 € TC(] (V)reg
10
Fundamental groups:
T[2)

:Ls'—ml D

id ~
1= Amo — A(Io,io) —_— Ago = {il}

Local systems:

LOCH(TC*«U(V)Sng) : ]l(')o ‘C(’)o
Rep(A(zo,Eo)) : + —

Pullback along the bundle map T¢, (V)sreg — Co:

Locy(Co) — Locu(Tg, (V)sreg)
]]‘CU —> ]].(90
Lo,

C5: Regular conormal bundle above C5 C V:

z
. _ Yy —z ry+22=0
T, (Vreg = P | [T:y:z]=[y 2 7]
o —z

Base point:
01
0 0 .

($27§2) = 0 1 € TCQ (V)reg
0 0

55
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Fundamental groups:
T2

s+ (81,82)

s144(s1,52)

{il} - AiL‘z A(-’Ifz,fz) M Afz - {j:l}

Local systems:

I—OCH(TC*'Z(V)sreg): ]1(92 5(92 ]:(92 502
Rep(A(wy )i ++ —— —+ +-—

Pullback along the bundle map T¢, (V)sreg — Co:

Locu(C2) —  Locu(TE, (V)sreg)

]lC2 — 1(92
Lo,
.7:02 — .7:(92
Eo,

C3: Regular conormal bundle above C3 C V:

z oz
* —z
T6,(V)reg = 0 0 Y | zy+22#0
0 0
Base point:
0 1
1 0 "
(-7337 §3) = 0 0 S T03 (V)reg
0 0
Fundamental groups:
(2]

SlsQHSl

~ id
{:l:l} = AI3 — A(xs,gs) Emd AEs =1

Local systems:

LOCH(TC*«3(V)Sng): 11(93 £o3
Rep(A(Ia,ﬁs)) : + —

Pullback along the bundle map T, 53(V)Srcg — Cs:

Locu(C3) — Locu (T, (V)sreg)
]103 — ]1(93
‘CCS — £O3
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6.2.3. Equivariant perverse sheaves. The following table is helpful to understand the
simple objects in Perg (V).

P |l Pley, Ple.  Ples

IC(]lCO) 1c, [O] 0 0
IC(]lcz) e, [2] le, [2] 0
%(103) Le, [3] le, [3] Le, [3}
E(‘CCJ) ]]-C'o [1] 0 [’C;; [3]
IC(Fey) 0 Fo, 2] 0

We now explain how we made these calculations:

(a)
(b)

(c)

(d)

The ﬁEt and third row of these tables are computed using the observation that
when C' is smooth, the sheaf 17[dim(C)] is perverse.

For the second row, the relevant cover 52(1) is the blowup of the nilcone at the
origin. We readily find using the decomposition theorem for semi-small maps that

" (Lg [2]) = Z(1c,) & IC(1ay).

Proper base change and exactness allows us to deduce the fibres of ZC(1¢,) using
what we already know about ZC(1¢,).

For the fourth row, we consider the double cover which arises from taking the
square root of the determinant. Although this is singular at the origin, blowing
up resolves this singularity. An alternate model for this blowup is the cover:

Cs = {la:b],(z,y,2) EP' x V | —a’z + 2abz + by = 0}
with the obvious map w3 to V. The decomposition theorem for semi-small maps
yields

m31(1g, [3]) = IC(Le,) © IC(1cy).-

Proper base change and exactness again allows us to deduce the entries for
IC(Lcy, ), the key observation being that the map is 2 : 1 over C3, an isomorphism
over Cy and the fibre over Cy is P*.
Finally the fifth row is computed by considering the “symmetric squares” cover
of the nilcone given by 7r£2) : (a,b) — (—a?,b?, ab). This map is 2 : 1 over Cy and
an isomorphism over Cy; we readily confirm using the decomposition theorem for
finite maps that

w2 (1s[2]) = IC(Fe,) @ T0(Le,).

Computing the entries in the table is now immediate using our understanding of
the fibres and what we already know about ZC(1¢,).

From this, we easily find the normalised geometric multiplicity matrix.

|28, 16, 18, £ |7,

L1 o o o]o

0

1|1 1 0 oo
2

51 1 1 0] o0
3

bt 0o 0o 1] o0

Fell o o 0o o1
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TABLE 6.2.5.1. Ev: Pery, (Vi) — Perp, (T, (Va)reg) on simple objects,
for A : Wr — LG given at the beginning of Section 6.

Pers, (Va) —%  Perg(Tf;, (Va)reg)
IC(le,) = IC(lo,)

IC(]]‘C‘Z) — IC(I]‘O2) ®IC(£OO)
E(lcs) = IC(II-O3)

IC(‘Ccs) — IC(‘COS) @Ic(ﬁoz)
IC(]:Cb) — %(]:02)

P H EV¢073 EVwQP EV¢3P
IC(]ICO) + 0 0
IC(1¢y,) - ++ 0
(e) | o 0 4
)| o -
IC(Fe,) 0 +-— 0

6.2.4. Cuspidal support decomposition and Fourier transform. Cuspidal Levi subgroups
for G were given in Section 5.2.3, so the cuspidal support decomposition of Perg, (V)
takes the same form here:

Perg, (Va) = Perg, (Va)5 @ Perg, (V,\)ﬁ.
However, simple objects in these two subcategories are quite different in this case:
PerH(V)T H PerH(V)M
IC(1c,)
IC(1e,) || IC(Fcw)
IC(]]-Cs)

Here we record the functor Ft : Perg (V) — Perg (V*) on simple objects, and the composi-
tion of that functor with the equivalence Perg (V*) — Perg (V) described in Section 1.3.4;
the composition is the functor " : Pergy (V) — Perg (V) also discussed in Section 1.3.4.

Perg (V) — Perg(V*) — Peryg(V)
m(]].co) — IC(]]-CB‘) — E(]].C3)
IL(le,) = ITC(Lcy) = IC(Lcy)
E(]lcs) = IC(]lC;‘) = %(]]‘CO)
IC(,CCS) = IC(]lCE) — %(]102)
IC(}-CQ) — IC(]:CZ*) — IC(]:Cz)

Note that the Fourier transform respects the cuspidal support decomposition.

6.2.5. Vanishing cycles. Table 6.2.5.1 presents the calculation of Eve on simple objects.
Rows 1 and 3 are straightforward, arguing as in Section 5.2.5, (a). Here we show how
to compute rows 2, 4 and 5.

(a) To compute Eve, IC(1¢,) we first consider

R(I)xm/+yy’+222’ (]]-éél) X )



ARTHUR PACKETS AND ABV-PACKETS FOR p-ADIC GROUPS, 2: EXAMPLES 59
with

~(1 /A

Cé ) % Ci=Ala:b],(x,y,2), (", y,2") | —ax+bz=0, az+by =0}.

The Jacobian condition for smoothness tells us that this is singular when z =y =
z =0 and

b
TPy P
a b
re-homogenizing gives:
—a’z’ 4 2abz’ + by = 0.

The restriction of CN'S) x C§5 — Cyx Cj to the singular locus to give the non-trivial
double cover of C§. From this we conclude

Eve, ﬂm@ém 2] = IC(Lo,) @ IC(10,).

As we already know that ZC(1¢,) is the source of the second term, we conclude
that

Bvo, Z(1e,) = IC(Loy)-
(b) To compute Eve, IC(Fe,) we consider

R(p—azx’+2abz’+b2y/ (16;2) XCS )

By passing to local charts we can describe the detailed local structure of the
singularity, using that we know at least one of z’,y’, 2’ is not zero. However, in
this case, the key observation we need is that 7r§2) is an isomorphism above the
singular locus and that we will obtain a rank-1 sheaf on the singular locus. The
former condition is easily checked using the Jacobian condition, the latter can be
checked by restricting to the chart where none of 2,4/, 2’ are zero, and taking an
appropriate coordinate change. We already know this rank-1 sheaf is explained
by Eve, ZC(1¢, ), and hence

Eve, IC(F¢,) = 0.

(c) The smoothness of V' makes the computation of EvZIC(1¢,) straightforward.

(d) The computation of Eve, ZC(Le,) = 0 falls out easily because for the cover that
needs to be considered, the singular locus of 7*(-|-) avoids the regular conormal
vectors.

(e) The calculation of Eve, IC(L¢,) is slightly more subtle, since the special fibre of
the restriction of (-|-) o 73 x idg; on the model X¢; for V x C3 appearing in
[7, Theorem 5.3.1] is not flat. Nevertheless, the proper push-forward along this
finite map above T¢, (V)reg is not difficult to compute, giving

Eve, IC(Le, ) = IC(Lo,).

6.2.6. Fourier transform, vanishing cycles and the twisting functor. The equivariant local
system D is non-trivial in this example, so here we display the functor T : Perg (T} (V )reg) —
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Perg (T4 (V*)reg) given by T(-) = a.(-)

Perg (T4 (V) reg)

=3

®
TITTT1T111 4w

We may now verify (24) by comparing the functors below with the Fourier transform
appearing in Section 6.2.4.

Per,(Va) —  Perg(Th, (Vi)weg) —=  Perm(Th (Vidws) £ Perp, (V)
(]100) = IC(]].@O) = IC(]]-OE;) Al IC(]]-C’g)
(]102) — IC(IL(%)@IC(EOO) — IC(E@;)@IC(EOS) < IC(ﬁcg)
(]103) — E(]los) — IC(]log) < E(]lcg)
IC(Ley) = IC(Los) ®IC(Lo,) + IC(Loz) ®IC(loy) <+ IC(Lcy)
IC(Fe,) = IC(Fo,) > IC(Eo;) “~  IC(Fey)

6.2.7. Arthur sheaves.
Arthur || packet coronal
sheaf sheaves sheaves
Acq IC(1c,) ® IC(1c,)
AC2 ICC“Cz @:ZC('CCQ) D IC(fC's)
Ac, IC(1e,) ® IC(Fey)

6.3. Adams-Barbasch-Vogan packets.

6.3.1. Admissible representations versus equivariant perverse sheaves.

Per s, (VA)TP' || Mpure n (G/F)
IC(I]-CO) [W(¢0)7 O]
ZC(ILC2) [71—((;527"’_)70]
IC<]le) [7T<¢3>+)70]
E(‘EC3) [T((¢37_)70]
IC(-FCQ) [W(QSQ’_)?]-]

6.3.2. ABV-packets.

ABV-packets ‘ packet representations coronal representations

H{;ﬁg% (G/F) : [ [r(¢0, +),0] [m(¢2,+), 0]
Hgﬁc ¢2(G/F) : [77(¢2a+)70]v [7((¢27_)’ 1] [ﬂ-(¢3a _)70]
HSEZ¢3 (G/F) | [r(¢3,+),0], [7(¢3,—),0]
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6.3.3. Stable distributions and endoscopic transfer. We now calculate the virtual repres-

entations nq‘?)]fv; see (32). In the list below, we use the notation s = (s1, s2) for elements

of T[2).

do:
naBY = [m(do,+),0] + (=) (s152)[m(¢2, +), 0]
SO
Tlg\f(\{,l) = [ﬂ(¢0,+),0}+[’ﬂ(¢2,+),0]
nﬁfé,ﬂ) = [m(¢0,+),0] — [x(¢ha,+), 0]
nﬁf(fl,l) = [W(¢0’+)’0}_[7T(¢2,+)70]
maPly ) = [w(0,+), 0]+ [w(2, +), 0]
¢>11
neBY = [w(62,+),0] = (=) (9)[m(d2, =), 1] — (+=)(s) [ (3, —), 0]
SO
Py = [n(d,+).0] = [w(¢2, ), 1) — [w(¢s, ), 0]
nz‘fg,m = [r(¢2,+),0] + [m(¢h2, =), 1] + [ (¢, ), O]
B = (W62, +),0] + [w(d2, —),1] — (3, ), 0]
Mot 1 —1) (1 (2, +),0] — [m(¢2, =), 1] + [m(¢3, =), 1]
3
naBY = [m(¢s,+),0] + (=) (s182)[m(3, =), 0]
SO
77;25?/171) = [Tr(d)?)a +)7 0} + [W(¢37 _)70]
ﬂﬁfé,_n = [n(¢3,+),0] - [n(¢3,~),0]
77,12;3:(71’1) = [7T(¢3, +)30] - [ﬂ-((b?n _)70]
771?5?/—17—1) = [m(¢s,+),0] + [7(¢3,—),0].
After comparing with Section 6.1.6, we see
ABV _  _ABV

This proves (31) for admissible represenations with infinitesimal parameter A given at the
beginning of Section 6.

6.3.4. Kazhdan-Lusztig conjecture. From Section 6.1.3 we find the multiplicity matrix

Meep and from Section 6.2.3 we find the normalised geometric multiplicity matrix my,,:
1 1 1 10 1 00 00
01 1 010 1 1.0 0]0
Mep=] 0 0 1 0[]0 [, My = 1 1 1 0]0
000 10 10 0 1|0
000 01 000 0f1

’geo, this confirms the Kazhdan-Lusztig conjecture as it applies to repres-

entations with infinitesimal parameter A : Wr — G given at the beginning of Section 6.

Since 'myep, = m
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6.3.5. Aubert duality and Fourier transform. Using Vogan’s bijection from Section 6.3.1
we may compare Aubert duality from Section 6.1.5 with the Fourier transform from
Section 6.2.4 to verify (33).

Using the map Qx(YG) — T (V)reg We may compare the twisting characters y,, of Ay
from Section 6.1.5 with the restriction Dy to T, (V)yeg of the D from Section 6.2.6 to
verify (34).

6.4. Endoscopy and equivariant restriction of perverse sheaves. Asin Section 6.1.6,
we now take the case s = diag(1, —1,—1,1) and G’ = SO(3) x SO(3). Then X : Wr — G
factors through e : LG 5 L@ to define \ : Wr — LG’ by

) B \w|1/2 0 |w|1/2 0
N(w) = (( 0 |w\_1/2 ) 0 |w|—1/2 :

In this section we will calculate both sides of (35). This will illustrate how the Langlands-
Shelstad lift of @, on G'(F) to ©y s on G(F) is related to equivariant restriction of
perverse sheaves from V to the Vogan variety V' for G'.

6.4.1. Parameters. There are four Arthur parameters with infinitesimal parameter X\’ :
Wr — LG’, up to H'-conjugacy.

Qu ("G H" = {wp, "5, *v, 5}
These Arthur parameters for G’ = SO(3) x SO(3) are given as follows:

¢6(wax7y) = (VQ(y)aV2<y))v 'll)(/)(waxay) = (I/Q(iﬂ),llg(l')),
Whw,,y) = (ra(@),e(y),  i(wzy) = () ().

Although 15 = € o 14} is H-conjugate to € o 295, 4} is not H'-conjugate to 2)}.

6.4.2. Endoscopic Vogan variety. The Vogan variety V’ for A’ is simply two copies of the
Vogan variety appearing in Section 3. As a subvariety of the conormal bundle to V', the
conormal to the Vogan variety V' for X' : Wr — LG’ is

0 =z
y 0 |:cy’:0

T (V) = o

0 9
0

C{: The regular conormal above the closed H'-orbit Cj C V' is

0 0
* / _ 0 0 x! 7£ 0
76y (Vees = { | 5 A
0
Base point:
0 0

0 0 "

('r/O’g(/)) = 0 1 €Te (V/)reg
1 0
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Fundamental groups:

T2]

\FH(SMS”

id
1= AI{) — A(mé,&é) — A&é = {il} X {il}

Pullback along the bundle map:

LOCH/(C()) — LOCH/(Téé(V/)sreg)
]]-Cé —> ]].0/

" Set C! = C, x Cy C V'. Then the regular conormal above C, is

0 =z
. 0 0 x#0
TC;, (V)reg = 0 ¢ | y #0
0 0
Base point:
0 1
(a, %65) = | g | € Tt (V)een
0 0
Fundamental groups:
T[2]
J{s»—>(31732)
s14(s1,82) (s1,82)—s
{:I:l}:Alez A(lz/z,lgé) e Alfé:{il}

Pullback along the bundle map:
LOCH/(CQIC) — LOCH/(TE/ (V)sreg)

]lcalc — ﬂOé
Lo,
Foy
Ec; — 5@5

Set C;, = Cy x C, C V'. Then the regular conormal above C; is
0 0
y 0 | ' #£0

Té«; (V)reg = y # 0

8 o
o O

63
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Base point:
0 0
1 0
2.0 2¢61N *
( Lo, 52) - 0 0 €T ;(V)reg
1 0
Fundamental groups:
T[]
lsr—)(sl,SZ)
s244(s1,82) (s1,82)—s
{£1} = Az 25 Aoy 2gy) — Ang = {+£1}

Pullback along the bundle map:
Locy(Cy) — Locu (T (V)sreg)

]].(j; — ]].o/y
Lo,
ﬁc@ — f'.(%
Eor

: Set Cp,, = Cp x Cy CV'. Then

0 =z

* y

TCzy (V)reg = 0 0 | zy 7& 0
0 0
Base point:
0 1
- 1 "
(IE37§3) = 0 0 € T ;ny (V)reg
0 0

Fundamental groups:

T(2]

J{s»—)(sl,sz)

id
{1} x{F1} = Ay —— Ay — Ag =1

Pullback along the bundle map:

Locu/(Cy,) — LocH(Tgéy (V' )sreg)
]IC;y — ]loéy
‘ch/w = L@;y
fc;y — ]:o;y
gc‘/ — Eor

zy zy
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TABLE 6.4.3.1. B : Pery,, (Vi) — Perg, (T%,, (Va)reg) on simple ob-
jects, for X : Wg — Lg! given at the beginning of Section 6.

Pers: (V) 25 Perggs (T (V' )ieg)

IC(lgy) = IC(loy)

IC(]].c;) — E(]].O/)

IC(ley) = Ic(lo')

IC(1ley,) = IC(lo mJ)

IC(Lcy) =  IC(For) ®IC(Foy)

IC(CCJ/) — IC(S@/ ) ® IC((S@(/])

IC(Ler,) = IC(L ')@Ic(ﬁo;)@ IC(Lo,) ®IC(Loy)

P || By P By P BEvay P’ Evy P

ZC(ley) | ++ 0 0 0
IC(]ICQ) 0 ++ 0 0
7C(Ley ) 0 0 + 0
E(]lcéy) 0 0 0 ++
IC(Ec;) —+ —+ 0 0
IC(ECQ) +-— 0 +— 0
IC(Lcy,) —— —— —— ——

6.4.3. Vanishing cycles. The functor
EV/ : PerH/(V’) — PerH/ (T;_}/(V/)reg)

may be deduced from Section 3.2.5. Since we will need to refer to this information in
Section 6.4.5, we present Ev' here anyhow, from two perspectives, in Table 6.4.3.1.

6.4.4. Restriction.

res: Perg (V) — KPergy/ (V')
IL(lg,) = IC(1gy)
IL(le,) = IC(Lley)[l] @ IC(1ey)[1] @ IC(1cy)[1]
IC(1le,) =  IC(Ley,)[1]
IC(Lc,) = IC(1gy)[l] @ IC(Ley, (1]
IC(Fey,) = IC(Ley)[1] @ ZC( Ec')[ J

6.4.5. Restriction and vanishing cycles. We now calculate both sides of (35) in an inter-
esting case. Take P = IC(L¢,). Then, in the Grothendieck group of Pery (V'),

IC(Lcy) v =IC(1¢y)[1] & IC(Ley, ) (1],

so, in the Grothendieck group of Perg (T}, (V' )reg),

B/ Plv = B (T0(Ly)1] @ TC(Ley, 1))
(1o,)1) & (Lo, )[1] & (Lo, (1] & TC(Lo, ) [1] & IC(Loy) 1]
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(xf,85): If (a,&) = (24, &4) then
( l)dlmC dim C’ TI‘(EV PlV )( )

(—1)*2Tr (TC(Loy, 1)) (1,-1)

— ()=
= —1.
("o, €h): If (2!, €') = (15, '€}) then
(—1)dm O Im T (B, o Ply)(al) = (—1)27 T (TC(Loy 1)) (1,-1)
= (-1)(--)(1,-1(=1)
= (-1(=1)(-1)
= -1
(22, 2€4): 1 (a/,€') = (P, %€}) then
(~1)dim O—dm S Ty, o) Plyr)(ah) = (<127 Tr (T0(Loy)1]) (1,-1)
= O
(x6?£6) If (l‘/,f/) = (1‘6,56) then
(—1)tim O dmC T(BY, o Ply)(al) = Tx (IC & TC(Loy)[1]) (1, -1)
oy 1< +><1 —1)+ (——)(1,-1)) (-1)

The right-hand side of (35) is

Tr(Bv(a,¢) P)(as) Tr (Bv ZC(L65)) |15,V yreg (@s)

Tr (ZC(Lo,) @ IC(L0,)) T (V)reg (@s)-
(25,€3): If (a7, &) = (a5, &) then (2,€) = (23,€3) so
Tr(Bv(a,¢) P)(as) Tr (ZC(Lo,) ®IC(Lo,)) |T53(V)reg(as)
TrIC(Lo,)(—1)
(-)(-1)=-1.
(lxh, 1) If (af, &) = (Tah, '&5) then (z,€) = (22, &2) s0
Tr(Bv(a,¢) P)(as) Tr (ZC(Lo,) ® IC(Lo,)) |T53(v)rcg(as)

TrZC(Lo,)(—1)
~1.

(22h, 26h): If (o', &) = (Pahy, 2£}) then (x,€) is H-conjugate to (xa,&2) so

Tr(Bv(s,¢) P)(as) Tr (IC(Loy) © IC(L0,)) 1, (v)ees (as)

TrIC(Lo,)(—1)
1.

(x4,&0): It (a,&) = (0, &) then (z,€) is H-conjugate to (z9,&) so
Tr(Bv(z,) P)(as) Tr (ZC(Lo,) ® IC(Lo,)) |T53(V)reg(as)

[l
e
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The proves (35) for P = IC(Lc,).-
Here is another interesting example. Take P = ZC(F¢,). Then

Ply: =IC(Fe,)|ve = IC(Ley )[1] & IC(Ley (1],

SO

B/ Pl = B (T0(Le,)1] @ TC(Ley)1])

IC(Fo, )] @ IC(Foy)[1] & IC (o, )[1] & IC(Eoy ) [1].

Thus, (—1)4m C=am " Ty(Bv(,, o) Ply+)(a)) is 0 unless (', ¢') lies in Tg;, (V') reg or Te, (V' )reg
or Ty (V') reg-

(tay, 16): If (27, €") = (Mo, lé“é) then

(—1)dimC=dim € (Bl o) Ply)(al) = (~1)>71 T (T0(Fo,)[1]) (1, ~1)

(2o, 26): If (27, €") = (P}, *65) then

(1) O Ty (B, o Pl (@) = (—1)27MTr (Z6(Foy)[1]) (1,-1)

(w0, &o): If (2, &) = (x5, &p) then

(—1)tim =AM T (B, o Ply)(a)) = Tr (IC(Foy)[1] © IC(E0;)[1]) (1, 1)
= (D) + (=) (=1
_—
The right-hand side of (35) is
Tr(Bv(ae) P)las) = Tr(BVIC(Fc,)) lrg vy, (as)

= Tr(ZC(E0,)) 1 (V)res (@s)-
(tah, &) I (2, &) = (Tah, &) then (z,£) = (w2, &2) s0

Tr(Evz ) P)las) = TrIC(Eo,)(+1,-1)
= 4L

(a5, 2€5): If (2/,&') = (P25, °¢) then (=, &) is H-conjugate to (z2,&2) so

Tr(Ev(z,e) P)(as) = TrIC(Eo,)(+1,-1)
= +1.

(20, &p): If (¢, &) = (20, &p) then (z,&) is H-conjugate to (zo,&o) s0

TI"(EV(L@'P)((LS) = TIO(—&-L—I)
= 0.

This proves (35) for P = IC(Fc,).
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7. SO(7) UNIPOTENT REPRESENTATIONS, SINGULAR INFINITESIMAL PARAMETER

Let G = SO(7). The calculation of pure inner twists and inner twists and their forms
for G is the same as in Section 5. Let Gy = G be the split form of G and let Gy be the
non-quasisplit form of G, given by the quadratic form

00 0 0 0 01
0o 0 0 0 10
0 0 —ew 0 0 0 O
00 0 € 0 0O
00 0 0 w OO
01 0 0 0 0O
10 0 0 0 00O
One readily verifies that the Hasse invariant of this form is (w,e) = —1 so that the form

is not split. Note that the choice e = 1 would give a split form.
Consider the infinitesimal parameter A : Wrp — G given by

wl? 0 0 0 0 0
0o ' o 0 0 0
0 0w o0 0 0
AMw) =

(w) 0 0 0 |w™* o 0
0 0 0 0o Jw™* o0

0 0 0 0 0 |w|?

Here, and below, we use the symplectic form (x,y) = 'zJy with matrix J given by

Jij = (=1)78;_; ; to determine a representation of Sp(6). Note that, in contrast to the
unramified infinitesimal parameters in Sections 3 and 5, in this case the image of Frobenius
is singular semisimple.

7.1. Arthur packets.
7.1.1. Parameters. Up to Hy-conjugation, there are eight Langlands parameters with

infinitesimal parameter A, of which six are of Arthur type. The six Langlands parameters
of Arthur type are most easily described through their Arthur parameters:

Yo(w,z,y) = va(y) ®ra(y), Yr(w,z,y) = valz) ®ra(z),
Yo(w,z,y) = va(y) © va(x), Ye(w,z,y) = va(x) ®ra(y),
¢4(wa$,y) = VQ(‘T)®V3(y)a 1/)5(7“”7:1"73/) = l/3($)®l/2(y).

where vy : SL(2) — Sp(4) is a 4-dimensional symplectic irreducible representation of

SL(2), v3 : SL(2) — SO(3) is a 3-dimensional orthogonal irreducible representation of

SL(2) and, as above, v5 : SL(2) — SL(2) is the identity representation. Note that g is

the Aubert dual of ¥, 15 is the Aubert dual of g, and 4 is the Aubert dual of 5.
These Arthur parameters define the following six Langlands parameters:

po(w,z) = ( w) @ va(dw), p7(w,x) = va(z) S ra(w),
¢2(w’x) = )@V2($)’ ¢6(w7x) = V4($)EBV2(dw),
pa(w,r) = 1o ( ) @ v3(dw), ¢5(w, ) = v3(x) @ va(dw).
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The remaining two Langlands parameters in Py(“G)/Zz()) that are not of Arthur type
are given here:

lwlz1r  |w|zie 0 0 0 0
lw|zar  |w|xan 0 0 0 0
0 0 | |w'? 0 0 0
pr(w.z) = 0 0 0 w2 0 0 ’
0 0 0 0 |’U)|71£L'11 |w\71x12
0 0 0 0 |w|_1x21 |’LU‘_1.’L‘22
w2 0 | o o] o 0
0 11 | 0 0 | xpo 0
o 0 0 r11 T12 0 0
¢3(w,x) o 0 0 21 T22 0 0
0 —T21 0 0 —x22 0
0 0o o 0 |

7.1.2. L-packets. In total, there are 15 admissible representations with infinitesimal para-
meter A, of which 10 are representations of Go(F') while 5 are representations of G1(F).
In order to list them, we must enumerate the irreducible representations Ay, for each
¢ € PA(YG). In every case but one, the group A is trivial or has order 2; in the latter
case, the irreducible representations of these groups are unambiguously labeled with + or
—; in the former case, we simply elide the trivial representation, such as in the list below.

Iy, (Go(F)) = {m(¢0)} g, (G1(F)) = 0

I, (Go(F)) = A{m(¢1)} Iy, (G1(F)) = 0

g, (Go(F)) = A{m(¢2,+)} g, (G1(F)) = {m(d2, )}

H¢3(G0(F)) = {7T(¢3,+),7T((b3, _)} H¢3(G1(F)) =0

Iy, (Go(F)) = {m(ds, +)} Iy, (Gi(F)) = {m(¢s,—)}

Iy, (Go(F)) = {m(¢s)} s (G1(F)) = 0

e (Go(F)) = {m(ds,+)} o (Go(F)) = {m(ds,—)}

g, (GO(F)) = {W(¢77 ++)7 7T(¢7, __)} H¢7(G1(F)) = {T‘—((b% +—)77T((b77 _+)}

The centraliser of ¢7 is the following subgroup of 2-torsion elements T [2] in the diagonal
dual torus 7"

ss 0 O O 0 O
0 s 0 0 O O
0 0 s 0 0 O ~
Zge) =310 o 03 s 0 0] TR2]| s1=s2
0 0 0 0 s O
0O 0 0 0 0 s

~

We fix the isomorphism Zg(¢7) = {£1} x {£1} so that the image of Z(G) in Z5(¢7)
is {(+1,+1),(—1,—1)}; using this isomorphism, we label irreducible representations of
Ay, = Zg(¢7) by the symbols ++4, +—, —+ and ——. Note that the restriction of these

~

representations to Z(G) is trivial for ++ and —— only.
Of these 15 admissible representations, only the representation 7(¢7,+—) of G1(F)
is tempered. We now describe that representation. Let G; be the parahoric Op-group
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scheme associated to the quadratic form at the beginning of Section 7. The generic fibre
of G, is the inner form Gy of G*, and G1(OF) is a maximal parahoric subgroup of the
F-points on the generic fibre of G;. The reductive quotient of the special fibre of G is

@Ed = S0(5) x SO(2),

over F,, where SO(5) and SO(2) are determined, respectively, by
0 0 0 01
00010 o
00 ¢ 0O and ( 0 1) ,
01 0 0 O
1 0 0 0 O

with e = ¢ mod Op. The finite group @E,ed(k) = S50(5,F;) x SO(2,F,) admits a unique
cuspidal unipotent irreducible representation, og. Let o be the representation of G1(Or)

obtained by inflation from o¢ along G1(Op) — (G)i-eqd (Fy). Then

G1(F)
(7, +—) = CIndé(Op)(J)'
In particular, 7(¢7,+—) is a unipotent supercusidal depth-zero representation. It is the
only supercuspidal representation appearing in this example.

7.1.3. Multiplicities in standard modules. In order to describe the other admissible rep-
resentations appearing in this example, we give the multiplicity of 7 (¢, p) in the standard
modules M (¢, p') for representations of the pure form Gy(F). To save space here we
write 7, for m(¢;) and 7§ for 7(¢;, €); a similar convention applies to the notation for the
standard modules here.

Go H T m Ty w4l wy wf w5 mg wit o ow, T
M, 1 1 1 r 2 2 1 1 1
M, 0 1 0 0 o 1 1 1 1 1
My o o0 1 1 o 1 1 1 1 0
Myt o o o0 1 o 0 1 0 1 0
My=l0o 0 0 0 1 0 1 0 0 1
Mf 0o 0 0 0 o 1 1 1 1 0
Ms 0 0 0 0 o 0 1 0 1 1
Mg 0o 0 0 0 o 0 0 1 1 0
MIt|1o 0o 0 0 o 0 0 0 1 0
M;=0 0 0 0 o 0 0 0 0 1
Passing from Gy to G, we now list the multiplicity of 7(¢, p) in the standard modules

M(¢', p'), for representations of the form G1(F).

Gy H T, w; 7 Wt ‘ e
My [1 1 1 1 0
My |0 1 1 0 0
Mg [0 o 1 1 0
Mot o o 1 0| 0
MIZ]o 0o o0 0 1
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The idea of computing the multiplicities in the standard modules is to compare the
Jacquet modules of the standard modules with those of irreducible representations. To
be more precise, one can always make some guesses of what should be inside the standard
modules by looking at the corresponding inducing representations. Then one can further
argue that they are really there. To see there is nothing else, it is enough to show that the
Jacquet modules of the standard modules have been exhausted by these representations.
To give an example, let us look at

Mg = nd(]|"? @ n(vg, +)).

It is clear that this will contain 7y . Moreover, it has an irreducible submodule 7. To
show there is nothing else, we can compute the Jacquet module of MGJr with respect to
the standard parabolic subgroup P, whose Levi component is GL(1) x SO(5). By the
geometric lemma, we get

s.s.Jacp Mg = |[*2 @ Ind(||"/2 @ 7(va, +)) @ ||/ @ w(va, +) ® || 72 @ 7(va, +)
and
s.5. Ind(||'? @ (e, +)) = w(vy ® v, ++) & 7'
where 7’ is the unique irreducible quotient. On the other hand,
s.s. Jacpry = || TV @ w(va, +) @ P2 @7
and
s.s. Jacpmi T = ||Y2 @ w(va, +) @ |I*? @ w(v2 ® va, ++).
Therefore,

+_ ot ot
s5.8. Mg =mg ®m; .

7.1.4. Arthur packets. In order to describe the component groups Ay, consider the torus

S1

0 S3
8= 5?:1 0

~1
0 sy

=T
51

Let S[2] be the 2-torsion subgroup of S; Note that Z(G) C S[2]. Let us the notation

52

S92 0

0 s € 5[2]

s(s2,83):= 5 0

0 S92

52
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and let S[2] = {£1} x {£1} be the isomorphism determined by this notation.
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Z(G) = {#1} is the diagonal subgroup, for which we will use the notation

S1
S1 0
0 s
s(s1,81):= ! P €
0 S1
S1
We can now give the component groups A,:
Awo = 5[2}7 Allw =
Ay = 502, Ayy =
sz; = Z(G)’ All)s

S[2],
S[2],
Z(G).

Then

The Arthur packets for admissible representations of Go(F') with infinitesimal para-

meter \ are

My (Go(F)) = {m(¢o), ()2, +)},
Hi/lz (GO(F)) = {ﬂ-((b?v ) (¢37
My, (Go(F)) = {m(¢s,+)},

Iy, (Go(F)) {m(5)},

My (Go(F)) = {m(g6,+), m(¢7, —
My, (Go(F)) = Am(¢7,++),7(d7, -

-}

=)}
)b

and the Arthur packets for admissible representations of G1(F') with infinitesimal para-

meter \ are

My, (G1(F)) = Am(¢a, =), m(¢r(
Hi//'Q (Gl(F)) = {W(¢27 _)aﬂ-(d)77
Hll&x(Gl(F)) = {W(¢47 —),71’((;577
H¢5 (Gl (F)) = {W(¢77 _+)77T( >
HI/JG(Gl(F)) = {71-(¢67 )77r(¢ 1+
Iy (Gu(F)) = Am(¢r,—+),7(er,

For later reference, we arrange these representations into pure Arthur packets.

pure Arthur pure L-packet coronal
packets representations representations
Hpure "/)U(G/F) [7’1’((}50),0}, [W(¢27+)70]v [W(¢47_)71]7 [W(¢77+_)’1]
Hpure ¢2(G/F) [W(¢27+)7O]3 [W(¢277)71]a [ﬂ(¢377)7 ]7 [ﬂ-(¢77+7)’1]
Hpure ¢4(G/F) [W(¢4v+)70]a [W(¢47_)71]a [W(¢77+_)71]
Hpure ¢5(G/F) [71—((;55)70}7 [77((1577_"_)7 1]7 [W(¢77+_>7 1]
HPure ¢6(G/F) [W(¢67 ),0] [ (¢67 )7 ]a [7T(¢7,——),0], [ﬂ-((b?a"'_)’l]
Hpure V7 (G/F) [ﬂ-((b% )7 } [ (¢7a )’ 0]7 [77((257; _+)7 ]’ [W(¢77 +_)7 1]
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7.1.5. Aubert duality. Aubert duality for Go(F') and G1(F) is given by the following table.

7r I 7
m(¢o) m(¢7, ++)
7T( 17+) 7T(¢3a+)
'/T( 27"') 7T(¢77__)
7T( 37+) 7T(¢17+)
7T< 37_) 7T(¢6’+)
(4, +) (s)

m(¢s5) m(pa, +)
W(¢6,+) 7T(¢37 7)
ﬂ—(¢71 ++) 7T((ZSO)
m(¢7, ——) || (P2, +)
W(QSQ,*) ﬂ-(d)ﬁa*)
W(¢4,—) 7T(¢77_+)
m(ds, =) || m(¢2,—)
(7, +=) || m(d7,+-)
The twisting characters X, , Xua» Xos and Xy, are trivial. The twisting characters x,
and xy, are nontrivial, both given (——), using the isomorphisms Ay, = S[2] = {£1} x
{£1} and Ay, = S[2] = {£1} x {£1} fixed in Section 7.1.4.

7.1.6. Stable distributions and endoscopy. The stable distributions on Go(F') attached to
these Arthur packets are:

@Gg = Tra(po) + Trm(ga,+), @23 = Tra(pr,++) + Tra(or, ——),
04y = Trm(¢2,+) — Trm(¢s, —), Oue = Trm(ge, +) — Trm(dr,——),
Oy = Trm(¢s,+), 0y = Trm(gs).
The characters (- ,7r>w of Ay are given by
Ty, Camyy Camyy (Camy (Camy (g,
7(¢o) ++ 0 0 0 0 0
m(p2,+) —— ++ 0 0 0 0
(3, —) 0 —— 0 0 0 0
(P4, +) 0 0 + 0 0 0
m(¢s) 0 0 0 + 0 0
(6, +) 0 0 0 0 ++ 0
(7, ++) 0 0 0 0 0 ++
(7, ——) 0 0 0 0 — —
With this, we easily find the coefficients (ss, 7r>w in @gf’s. First calculate sy :=1(1,1, —1):
sy = va(=1) @ra(=1) = s(=1,-1), sy, = va(l) @wp(l) = s(1,1),
sp, = va(—1) @ 1a(l) = s(-1,1), sy = va(l) ®wa(—1) = s(1,—1),
Sy = V2(1)®V3(_1) = (171)’ S = V3(1)®V2(_1) :S(_lv_l)'
Then, using the notation s = s(s2, s3) from Section 7.1.4, we have:
62375 = Tra(¢o) + s2s3 Trm(pe, +),
0,0, = Trm(ge, +) — sass Trm(ds, —),

0%, = Tra(es,+),
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and
957075 = ’I‘I'W(¢7’++) + S983 ’I‘I"]‘r((b.h__)7
@gg}s = Trﬂ'(d)ﬁa +) — S$9283 Tr 7T(¢)7’ 77),
0. = Tra(ss).

We now turn our attention to the distributions on Gp(F') attached to these Arthur
packets:

05! = — (- Trr(¢s,+) — Trr(¢r, +-))

9521 = —(+ Tra(¢g2,—) — Tra(¢r,+-))

6)541 = —(+ Tra(¢s,—) + Tra(or,+-))
and

®§; = —(+ Trr(¢r,—+)+ Trm(¢r, +-))

91,0(: = - (+ Trﬂ(¢6,_) - TI‘7T(¢77+_))

Oyl = —(= Tra(¢r,—+) — Tra(pr, +-))

For these representations, the characters (-, ) » of Ay are given by

T H<"7r>1/)0 <-,7T>¢2 <"7T>1l14 <.’7T>1Z15 <"7T>'¢)6 <"7T>1l)7
(g, —) 0 +— 0 0 0 0
7(da, —) —+ 0 - 0 0 0
(g, —) 0 0 0 0 —+ 0

(o7, —+) 0 0 0 - 0 —+
m(p7, +—) +— —+ — — +— +—

With this, we easily find the coefficients (ssy, ), in @g}s, again using the notation
s = s(s2,83) or s = s(s1, s1) from Section 7.1.4 from which we deduce

05, = —(—saTrm(¢s,+) — 53 Trm(dr, +-))

05 = —(+s3Trm(de, ) — so Trm(dr, +-))

051, = —(+s1Trn(¢s, —) + 51 Trn(dr, +-))
and

&1 = —(tsoTrm(dr, —+) + 3 Tem(r, +-))

@Z;s = - (+82 T1"7T(¢6, —) — 83 TI'7T(¢7, +—))

Oy, = —(-s1Trm(¢r,—+) — s1 Trm(gr, +-))

We now describe the endoscopic groups relevant to the Arthur parameters in this
example. If s = s(1,—1) or s = s(—1,1) then 95,3 is the endoscopic transfer of a stable

distribution @g: where G’ = SO(5) x SO(3) split over F'; likewise, 95,15 is the endoscopic
transfer of a stable distribution @i,/l where G} = SO(5) x SO(3) with anisotropic quadratic
forms for SO(3) and SO(5) given at the beginning of Sections 3 and 6, respectively.

Here, ¢/ = (@, 9®) and ¥* is an Arthur parameter for SO(3) and ¥(? is an Arthur
parameter for SO(5). The following table gives (1) from Section 3.1.1 and ¢(? from
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Section 6.1.1, for each Arthur parameter ¢ appearing in Section 7.1.1.

§7.1.1 || §6.1.1 §3.1.1
0 1/,(2) 1/,(1)
Yo Yo Yo
(4> (0 Yo
o (D) P
s Ps3 Y
e () ()
(i 3 (05

7.2. Vanishing cycles of perverse sheaves.

7.2.1. Vogan variety and its conormal bundle. The centralizer in G of the infinitesimal
parameter A : Wr — G is

hy

an b2
Hy:= cz_da € Gy = GL(1) x GL(2)
as b3

c3 d3

ha

We will write hy = (2 %2 ) and hg = (% % ). Then hs = hydet hy ' and hy = h'', by the

Cco d2 Cc3 dS
choice of symplectic form J at the beginning of Section 7. The Vogan varieties V) and

* .
VY are:

T
z u’
!
Yy —z . v
V>\ = s VA = 7 7
—v 2y
U =2
-
SO
U v
u’ z T
A
v Yy  —=z U, V, T, Y, 2
* _ sy Uy s Y
T(Vy) = — T, 2 CE
z Yy -V u,v,T,Yy,2
=2 U
-

The action of Hy on V, V* and T*(V,) is simply the restriction of the adjoint action
of HC G on T*(V) C g. This action is given by

he(u v) = h(u v)h;l

e _ z x\,-1
" (y —Z> - <y —Z> "
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and
u’ u'\
h- (’Ul = hy o hl 1’
o / o ’ B
h- (:,E/ _yZ/ = hs (l‘/ _yZ/> h2 L

We remark that for u € C,

if and only if
he(u v) h- (; _xz> = (pdethy) h- (u v).

The H-invariant function (-|-): T*(Vy) — A! is the quadratic form

u v
u’ z  x
/ —
v . ; y “ — 2uu’ + 200" 4 xx’ +yy’ + 2272
2y —
=7 u
v
The Hj-invariant function [, -] : T*(Vy) — by is given by
u v
o z
v y  —z . (uu' 4+ vv")Hy + (xa’ + 22" )Ho + (yy' + 22')Hs
2y —v +(zy — 22 )E + (yz' — za')F
4 u
v

where, {H1, Ha, H3} is the standard basis for the standard Cartan in g and, with reference
to Hy C G and h C g, {H1}, {Ha, H3, E, F} is the Chevalley basis for gl(2) in sp(6).
Thus, the conormal bundle is

u v
" . . uu' + v’ =0
, xx' + 22/ =0
T* \) = v Yy —z / ! _ 0
(V) = 7 7 — | gy +22' =
=Y v 2y —xz' =0
=2 U , ,
R — yz' —zx' =0

Note that the fibre of (-]-) : V) x V{ — Al above 0 properly contains the conormal
bundle T7;(Vy) as a codimension-4 subvariety.

Although it is possible to continue to work with V and 7*(V) as matrices in g and
make all the following calculations, we now switch to the perspective on Vogan vari-
eties discussed in Section 1.2.1. This new perspective has several advantages: it is
notationally less awkward, it generalises to all classical groups after unramification in
the sense of [7, Theorem 3.1.1] and it helps clarify the proper covers which play a
crucial role in the calculations of the vanishing cycles that we make later in this sec-
tion. Write § = sp(F,J), so E is a six-dimensional vector space equipped with the
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symplectic form described in Section 7.1.1. Let E; be the eigenspace of A(Fr) with ei-
genvalue ¢°/2; let Fy be the eigenspace of A(Fr) with eigenvalue q'/?; let E3 be the
eigenspace of \(Fr) with eigenvalue ¢~'/2; let E4 be the eigenspace of A\(Fr) with eigen-
value ¢—%/2. Then GL(E,) x GL(Fs3) x GL(Fy) x GL(F)) acts naturally on the variety
Hom(Ej3, E4) X Hom(Es, F3) x Hom(E, E3). If we identify E3 with the dual space E3

and F4 with E; then V may be identified with the subvariety

Vv

I

t —
(w1, w2, ws) € Hom(Ey, Ey) x Hom(E», E3) x Hom(E3, EY) | ff’ B Zl }
2 — W2
{(’LU,X) € HOIH(El,EQ) X HOHl(EQ,Eg) ‘ tX =X }
Hom(FE,, Ey) x Sym?(E3)

The action of H on V now corresponds to the natural action of GL(E;) x GL(E3) on
Hom(FE1, Ey) x Hom(Esy, E}). After choosing bases for Fy and Es, the conversion from
the matrices in g to pairs (w, X) € Hom(FE, Ey) x Sym?(E3) is given by

o) (7)) D)

We will use coordinates (w,X) for V) when convenient. The same perspective gives
coordinates (w’, X') for V¥ where

-z 2 0 -1\ /72
w = (v o) and X':= ( o y’) = <1 O) (a:’ —z')’

In these coordinates, the action of H on V is given by

how = ‘thytwth h-w' = hwhy?
h-X = hoX'hy h-X' = hyX'thy,

the H-invariant function (-|-): T%(Vy) — Al is given by
(w, X) | (w', X)) =w'w+ Tr X'X,
and the H-invariant function [-,-] : T*(V)\) — by is given by
[(w, X), (v, X")] = (w'w, X' X).
In particular, the conormal may be written as
T*(Vy) 2 {((w, X), (w', X") e VxV* | w'w=0,XX =0}

11

7.2.2. Equivariant local systems and orbit duality. The variety V) is stratified into H-
orbits according to the possible values of rank X (either 2, 1 or 0), rank ‘w (either 1 or
0) and rank ‘wXw (either 1 or 0). There are eight compatible values for these ranks. We
now describe these eight locally closed subvarieties C' C V, the singularities in the closure
C C V and the equivariant local systems on C. For each H-orbit C C V except the open
orbit C7 C V, the H-equivariant fundamental group of C is trivial or of order 2. So in
each of these cases we use the notation 1o for the constant local system and Lo or Fe
for the non-constant irreducible equivariant local system on C. (The choice of L& or Fe
will be explained in Section 7.2.4.)

Cy: Closed orbit:
Co = {0}.
This corresponds to the minimal rank values

rank X =0, rank ‘w = 0, rank ‘wXw = 0.
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This is the only closed orbit in Vj.
Punctured plane:
C; ={(w,X)eVy| X =0w#0}.
This corresponds to the rank values
rank X = 0, rank ‘w =1, rank ‘wXw = 0.

While C; is not affine, its closure C; = {(w, X) € Vi | X = 0} is A%, This orbit
is not of Arthur type. Since A, is trivial, 1, is the only simple equivariant
local system on Cf.

Smooth cone:

Cy={(w,X) €Vy| rank X =1, w = 0}.
This corresponds to the rank values
rank X =1, rank ‘w = 0, rank ‘wXw = 0.
Then Cs is not an affine variety and the singular locus of its closure
Cy = {(z,y,2) | 2y + 2> = 0}

is precisely Cp. We remark that zy + 22 is a semi-invariant of Vy with character
h + det h3. Now Ac, = {£1}; let F¢, be the equivariant local system for the
non-trivial character of Ac,. Then F¢, coincides with the local system denoted
by the same symbol in Section 6.2.3.

The rank values

rank X = 2, rank ‘w = 0, rank ‘wXw = 0.
determine
Cs={(w,X)€Vy| rankX =2,w=0>} = {(2,y,2) | vy + 2* # 0}.
The closure of C3 is smooth:
Cs={(w,X) e Vy | w=0}==A"

This orbit is not of Arthur type. Since Ag, = {£1}, there are two simple equivari-
ant local systems on C3, denoted by 1¢, and L¢,. Then L, coincides with the
local system denoted by the same symbol in Section 6.2.3.

The rank values

rank X =1, rank ‘w = 1, rank ‘wXw = 0
determine
Cy={(w,X)eVy| rankX =1,w # 0, Xw = 0}.
The singular locus of the closure
Cy = {(u,v,2,9,2) | zy + 22 =0, —2u+ 20 = 0 = 2u + yv}

is Cy. Here, Ac, = {£1}. Let 1¢, and F¢, be the local systems for the trivial
and non-trivial characters, respectively, of A¢,.
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The rank values
rank X = 2, rank ‘w =1, rank ‘wXw =0
determine
Cs = {(w,X) € Vs | rank X =2, w # 0, "wXw = 0}.
The closure of Cs,
Cs = {(u,v, 2,9, 2) | — vz + 2uvz + 0%y = 0},

has singular locus C3. We remark that —u?z + 2uvz + vy is a semi-invariant of

Vy with character h — h?. The group Ac, is trivial.
The rank values

rank X =1, rank ‘w =1, rank ‘wXw =1

determine

Co = {(w,X) €V | rank X = 1,w # 0, ‘wXw # 0}.
The singular locus of
Co = {(wv,2,9,2) | zy+2* =0}
is C1. Then A, = {£1}. Let 1, and F¢, be the local systems for the trivial and
non-trivial characters, respectively, of Ac,. The local system F¢, is associated
to the double cover from adjoining d? = —u?z + 2uvz + v2y, which is isomorphic

to the pullback of the double cover from F¢,.
Open dense orbit:

Cr={(w,X) €Vy | rank X =2, w # 0, ‘wXw # 0}.
This corresponds to the maximal rank values:
rank X = 2, rank ‘w =1, rank ‘wXw = 1.

Now, Ac, = S[2] =2 {£1} x {£1}. Let Lc, be the local system for the trivial
character (++) of Ac.; let Lo, be the local system for the character (——) of
Ac,; let Fo, be the local system for the character (—+) of Ac.; let Ec, be the
local system for the character (+—) of A¢,. Equivalently, L, is the local system
on C; associated to the double cover d* = wzy + 22, F¢, is the local system
associated to the double cover d? = —u?z + 2uvz + v?y, and Ec, is the local
system associated to the double cover d? = (zy + 22)(—u?z + 2uvz + v2y).
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Closure relations for these eight orbits in V, and their dual orbits in V*, are given as
follows:

C7=Cy 5
/ \
Cs =04 Ce =Cy 4
[
Cs;=C Cy=Ch 3
T
Cy=Cs Cy=0C4 2
A
Cy=0Cr 0

7.2.3. Equivariant perverse sheaves. Table 7.2.3.1 shows the results of calculating P|c
for every simple equivariant perverse sheaf ZC(C, £) and every stratum C' in V', together
with the normalised geometric multiplicity matrix, mg,,. Notice that mj,, decomposes
into block matrices of size 10 x 10, 4 x 4 and 1 x 1.
We now give a few explicit examples of the technique, sketched in Section 1.2.3, which
we used to find the geometric multiplicity matrix.
(a) The calculations from Section 6.2.3 show how to find rows 1-5 and row 11 so here
we begin with row 6.
(b) To compute ZC(1¢,)|c for every H-orbit C' C V, observe that

Cy={(w,X)eVy | 'wX =0, det(X) =0}.

Note that ‘wX = 0 implies det(X) = 0 provided w # 0. This variety is singular
precisely when w and X are both zero; in other words, Cj is the singular locus of
C, as we remarked in Section 7.2.1. The blowup of C, at the origin is:
oM .= {((w,X),[a ) e vt | ’jw;)i“a 0 fa DX = }
Let 7(1) 5 M C4 be the obvious projection. In the definition of 541 , the first
two equations imply the second two; this observation greatly simplifies checkmg
the following claims. The cover 7(!) : C(l) — C} is proper and the variety C’4 is
smooth. Moreover, the fibres of 7(1) have the following structure:

e above C4, Cy and Oy, (1) is an isomorphism;

e the fibre of 7(1) above Cj is P'.
It follows that 7(1) is semi-small. By the decomposition theorem,

! (Lgg [3)) = ZC(1c).
By proper base change,

IC(lele, = Loy IC(1cy)l e,
:Z'C(]]‘C4)|Cl = ]]‘CI[?)] ZC(]]-C4)|CO = 100[1]69100[3]7

and ZC(1¢,)|c = 0 for all other strata C'.
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TABLE 7.2.3.1. Standard sheaves and perverse sheaves in Pergy, (V)),
and the normalised geometric multiplicity matrix for A\ : Wp — LG

introduced at the beginning of Section 7.

81

P I Plee [Pl | Ples |  Plea | Plew | Ples | Ples | Ples
C(1¢,) 1¢,[0] 0 0 0 0 0 0 0
C(1ey) 1c,[2] 1c,[2] 0 0 0 0 0 0
C(1c,) 1c,[2] 0 1c,[2] 0 0 0 0 0
C(1cy) 1c, [3] 0 lc, 1cy[3] 0 0 0 0
TC(Lcy) 1c,[1] 0 Lc,[3] 0 0 0 0
IC(]lC4) ]lco [1] (&) ]lco [3] ]lcl [3] ]lc2 0 ]104 3] 0 0 0
IC(]IC%) L [2] ® e, [4] Icy [4] I, Ic, [4} D ['03 [4] 1c, 4] lcs [4] 0 0
:Z(Z(]]‘CG) Le, [4} 1y [4] Ic, 0 Iey 4] 0 Icg [4} 0
IC(]-C7) L, [5} 1y [5] Ic, Ley [5} Ie, 5] Ics [5] Icg [5} lc, [5]
IC(Ley) e, [3] g, [3] Ly 5] 0 |1cs5]| 0 | Ley[5]
IC(Fes) 0 0 | Feu[2] 0 0 0 0 0
IC(Fe,) 0 0 | Feu[3] 0 Feql3] 0 0 0
1C(Fey) 0 0 | Fo 0 Fo, 4| 0 | Fold| 0
E(}—C7) 0 0 Fec, 5] 0 0 0 Fce [5] Feoo [5}
IC(Ec,) 0 0 0 0 0 0 Ec, 5]

18, b th, 3 b ab b wb ub £ |7 b T |
1%, || 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 | 1 1 0 0 0 0O 0 0 0 0 0 0 0 0 0
1, || 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
i, |l1 o 1 1 0 0 0 0 0 010 0 0 0| o0

cho |1 0 0 0 1 0O 0 0 0 0 0 0 0 0 0
i,|l2 + 1 o 0o 1 0 O 0O 0|0 0O 0 010
. |l2 1+ 1 1 1 1 1 0 0 0|0 0 0 010
1t || 1 1 1 0 0 1 0 1 0 0 0 0 0 0 0
i |+ 1 1 1 0o 1 1 1 1 010 0 0 0] o0
ci || 1 1 0 0 1 0 1 0 0 1 0 0 0 0 0
Fe,l oo 0 o0 0 0O 0 0 0 0 1 0 0 0 0
Fel oo 0 o0 0 0o 0 0 0 0 1 1 0 0 0
Feol o0 0 0 0 0 0 0 0 0 1 1 1 0 0
Fel o 0o 0 o0 0 0O 0 0 0 0 1 0 1 1 0
g o o 0o o0 0 0 0 0 0 0 0 0 0 0 1
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(c) Next, we show how to compute ZC(F¢,). The singular variety Cy also admits a
finite double cover:

«
5[&2) — ((waX)7<a75)) €V x A2 | X = (5) (a /B), (a /B)w =0
twX =0, det X =0

Again, the first two equations imply the second two. This variety is singular
precisely when w, X, and (¢, 8) are all zero. Consider the pullback:

&
5&1) 23 5&2)
e
(2
Cy.

Then éf’) is smooth and the projections onto ~i2), @El) and Cy are all proper.

The fibres of 7(3) : 6&3) — C4 have the following structure:
e the fibre of 7(3) over C} is the non-split double cover of Cy;
e the fibre of 73 over C5 is the non-split double cover of Cs;
e the fibre of 7(3 over €} is isomorphic to C;
e the fibre of 7(3 over Cj is P*.
It follows that 7(3) is semi-small and, by the Decomposition Theorem, that:

) (A [8)) = T(1e,) ® I0(Fe,)-

It now follows that:
IC(‘FC4)|C4 fC’4 [3] IC(‘FC4)|CQ = fC2 [3]
IC(}—C4)|C1 = 0 IC(‘FC4)|CO = 0.

We simply list the other covers needed to calculate P|¢ in all other cases except P = &,
following the procedure illustrated above in the cases P = ZC(1¢,) and P = IC(Fg,)-

o552{((w,X),[a:b])€V><IP1|(a b)X(Z):O, (—b a)sz}
o O = {((w,X),[a: b)) eV xP"'|(a b)X =0

. 5,g2>:{((w,X>,<a,ﬂ>>€VxA2| X= <§) (a 5)}

o OV = {(w,X,[a:b]) eV xP|(a b)X<‘b‘> 0}

.C§2>={((w,X),[a:b:r})evXPZ(a b)X(Z):rQ, (—b a)sz}

Finally there is the most complex example: the smooth cover V of C7 = V needed
to understand ZC(&7). The construction of the smooth cover V' of V proceeds by first
adjoining a square root of

(—uPz + 2uvz + v2y) (zy + 22).
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This results in a variety which is singular on Cy. After blowing up along C the result
will still be singular along C, so a further blow up along C3 is needed. The following
steps construct V in detail.

(i)

(iii)

(iv)

Let V) be the blow up V along C4 This equivalent to adding coordinates [a :
b] € P! and the condition

(a b)szO,

because the two equations Xw = 0 define Cy.
Let V3 be the blow up of Oél) along C3. For this one must add coordinates
[c:d] € P! with the condition

(—d c)w =0,

because the equation w = 0 defines C3. The additional equation necessary to

define the blow up is
c
(a b)X ( d) —o.

Next, we replace [a : b] with [a : b : 7] and add the equation

(a b)X <‘;) _ 2

The resulting variety, V®) has coordinates:
(w,X,[a:b:r],[c:d])

together with all the above equations. Then V®) is a double cover of V(2 and is
singular precisely when

X(Z):O and  [a:0] =[c:d]

We now form the blowup V of VB along the singular locus. In order to have
homogeneous equations we write our relations in the form

X<Z)(c =0 (a b)(dc>:0.

Then V is formed by introducing coordinates [Y" : y], where Y is a 2 by 2 matrix,
and the conditions

X(Z) (¢ dy=Y(a b (_dc>

(C> Y =0  Trace(Y)=0.

and

d
Note that [c : d] determines Y up to rescaling.
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7.2.4. Cluspidal support decomposition and Fourier transform. Up to conjugation, G =
Sp(6) admits three cuspidal Levi subgroups: G = Sp(6) itself, M= Sp(2) x GL(1) x GL(1)
and T = GL(1) x GL(1) x GL(1). Simple objects in these three subcategories are listed
below. This decomposition is responsible for the choice of symbols £, F and £ made in
Section 7.2.3.

PerH(V)T H PerH(V)M H PerH(V)é

C(1e,)

IC(1c,)

IC(]]‘CQ) -’Z’.C(JT:CE)

IC(]-Cs) E(Ccs)

I(Z(]]‘C4) IC(]:C4)

ZC(]ICE))

E(]‘CG) IC(‘/TCG)

E(]]-C7) IC(£C7) IC(]:C7) IC(EC7)

The Fourier transform respects the cuspidal support decomposition:

Ft: Perg, (Vi) — Perg, (V)

IC(le,) + IC(1leg) =IC(1ce)
IC(le,) +— IC(1c;) =TIC(1ey)
IC(le,) = IC(Leg) =IC(Ley)
IL(ley) = IC(1gg) =IC(Llet)
IC(Lcy) = IC(1cy) =IC(1¢y)
IL(le,) = IC(ley) =IC(Lce)
IL(le,) = IC(lcg) =IC(1et)
IC(les) = IC(Lep) =IC(Ley)
IC(le,) + IC(1ley) =IC(1cy)
IC(Le,) = IC(1gg) =IC(1ey)
IL(Fe,) = IC(Fez) =IC(Fer)
IL(Fe,) = IC(Fep) =IC(Fer)
IC(Fes) = IC(Fep) =IC(Fey)
IL(Fe,) = IC(Fer) =IC(Fer)
IL(Ec,) = IC(Ecy) =TC(Ect)

7.2.5. Equivariant perverse sheaves on the regular conormal bundle. For each stratum C,
we pick (7,§) € TE(V )reg such that the H-orbit T5(V)sreg of (2,€) is open in T¢, (V)reg-
Then, we find all equivariant local systems on each T (V)qeg. The perverse extensions
of these local systems to the regular conormal bundle 7% (V )yeg will be needed when we
compute vanishing cycles of perverse sheave on V in Section 7.2.6. Here we revert to
expressing V' as a subvariety in g, largely for typographic reasons.

Co: Base point for T¢, (VA )sreg:

0 0
1 0 0
0 0 0
(CUo, fo) = 0 1 0
1 0 0
0 1
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Equivariant fundamental group Ay, ¢, is Zm, ((z0,%0)) = S[2]. Thus, T¢; (V2 )sreg
carries four local systems. The following table displays how we label equivariant
local systems on 77, (VA )sreg by showing the matching representation of A, ¢):

LOCH,\(TE‘O(VA)Sreg): Lo, ‘Coo Foq 500
Rep(A(%,io)): t+ —— -+ 4=

The map on equivariant fundamental groups A, ¢,y — Az, induced from the
projection Téo (V)sreg = Co is trivial; on the other hand, the map on equivariant
fundamental groups A, ¢,) — Ag, induced from the projection T¢ (V)sreg —
C} = Ct% is the identity isomorphism.

S[2]

[

id
1= Amo — A(fbo,éo) —_— Ago

Pull-back along the bundle map:
Perp(Co) —  Perg(TE, (V)reg)
1

Ic ( ]lc'o ) — ZC( Oo )
IC(Lo,)
IC(Fo,)
ﬂz(‘s@o)
Base point for T (VA )sreg:
1 0
0 0 0
0 0 0
(xlv 51) = 0 1 0 )
1 0 1
0 0

Equivariant fundamental group A, ¢,y of T (Va)sreg I8 Zm, ((71,&1)) = S[2].
Thus, T¢, (Va)reg carries four local systems. The following table displays how we
label equivariant local systems on T (Vi)sreg by showing the matching repres-
entation of A, ¢):

LOCH/\ (Tél (V)\)sreg) : 101 [’Ol ]:01 gol
Rep(Ag,e) : ++ —— —+ +-—

For use below, we remark that Lo, is the local system associated to the double
cover arising from taking v/det X'.

The map on equivariant fundamental groups A, ¢,y — Az, induced from the
projection T¢, (V)sreg — C1 is trivial; on the other hand, the map on equivariant
fundamental groups A, ¢,y — Ag, induced from the projection T¢ (V)sreg —
Cf = C§ is (82, 83) — S$983.

S[2]

[

z1,81

1:Aw1 <;A( )MA&:{il}
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Pull-back along the bundle map:

Locy(C1) — Locy (T(’}1 (V)sreg)
]101 — I[ol
Lo,
Fo,
Eo,

Ca: Base point for T¢, (V) sreg:

0 0

(w2,&) =

= O
o O

0 1

The equivariant fundamental group for T, (V)sreg 18 A(zg,e0) = Za, ((2,2)) =
S[2]. Thus, T¢, (Vi )reg carries four local systems.

Locu, (T8, (Va)sreg) © Lo, Lo, Fo, Eo,
Rep(A(zz,Ez)): ++ —-— -+ +-

The map on equivariant fundamental groups A, ¢,y — Az, induced from the
projection T (V)sreg — Ca2 is given by projection to the second factor while
the map on equivariant fundamental groups A, ¢,) — A¢, induced from the
projection T¢, (V)seg — C3 = Cf is projection to the first factor:

S[2]

\Li d

A(Izafz)

s34(s2,53) (52,83)+s2

{1} = A, A, = {£1}

Pull-backalong the bundle map:
Locy(C2) —  Locu (T, (V)sreg)

]102 — 102
Lo,
Fo,
.7:()2 — 802

Cj3: Base point for T53(V)Sreg:

00

1 0 1

0 10
(w3,83) = 70 5
00 0

01
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The equivariant fundamental group for T, (V)sreg 18 A(zs,5) = Zm, ((3,83)) =
S[2]. Thus, T¢, (Va)reg carries four local systems.

LOCH/\(TE'_g(V)\)STEg): ]1(93 ‘COS ]:(93 503
Rep(A(syes) 1 ++ —— —+ +-

The map on equivariant fundamental groups A, ¢,) — Az, induced from the
projection T¢, (V)sreg — Ca2 has kernel Z(H ), while A, ¢,) — Ag, is trivial.

S[2]

li d

A(I:s,&s) - A€3 =1

3283<—|(82783)
«— - =7

Pull-back along the bundle map:
LOCH(Cg) — LOCH(Té’B(V)sreg)

]lC3 — ]lo3
LCS = ‘COO
Fo,
Eo,

Base point for T, (V) )sreg:

1 0
0 0 O
1 1 0
(I47§4) = 1 0 0
0 -1 1
-1 0

The equivariant fundamental group of T¢, (Vi )sreg 18 A(ey,eh) = Zay ((74,84)) =

~

Z(G). Thus, T¢, (V))reg carries two local systems.

Loch, (T¢, (Va)sreg) © Lo, Fou
Rep(A(M@)) : + —

The map on equivariant fundamental groups A, ¢,) — Az, induced from the
projection T, (V)sreg — C4 is the identity isomorphism, while A, ¢,) — Ag, is
trivial.

Z(G)
J{id
(£1} = Ay, 9 A, ey — Ae, =1
Pull-back along the bundle map:

Locu(Cs) — Locu (T, (V)sreg)
]104 — ]1(94
.7:04 — ]:(94
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C5: Base point for T("}S(V,\)Sreg:

0 1

o O
O =
(=)

The equivariant fundamental group of T¢_ (Vi )sreg 18 A(as,e5) = Zu, ((25,&5)) =

~

Z(G). Thus, T¢,_ (V))reg carries two local systems.

LOCHA (Tés (V)\)Srcg) : ]1(95 ‘7:05
Rep(A(CE5»£5)) : + —

The map on equivariant fundamental groups A, ¢;) — Az, induced from the
projection T¢, (V)sreg — Cs is trivial, while A, ¢y — Ag, is the identity iso-
morphism.

(@)

|

1= Aa:;, — A(w5755) I4d> Aﬁs = {:l:}

Pull-back along the bundle map:
Locu(Cs) —  Locu(T¢, (V)sreg)
]105 = ]105
Fos,
Cs: Base point for T¢y (VA )sreg:

1 0

e}
o O
O =

(w6,&6) =

o o
O =
—

0 0

The equivariant fundamental group of T¢, (Va)sreg 18 A(zg,e6) = Za, ((76,E6)) =
S[2]. Thus, T¢, (Va)reg carries four local systems.

LOCHA(T56<V)\)STeg): ]1(96 ‘CO5 ]:06 506
Rep(Aagee) : ++ —— —+ +-—

The map on equivariant fundamental groups A, ¢,) — Az, induced from the
projection T (V')sreg — Cs is given by projection to the first factor while the map
on equivariant fundamental groups A, ¢,) — Ag, induced from the projection



ARTHUR PACKETS AND ABV-PACKETS FOR p-ADIC GROUPS, 2: EXAMPLES 89

T¢, (V)sreg — Cg = C% is projection to the second factor:

Pull-back along the bundle map:
Locu(Cs) — Locu (T, (V)sreg)

]106 — ]105
Lo,
.FCG — fos
Eos
C7: Base point for T¢, (Vi )sreg:
10
0 0 1
0 1 0
(‘T7a 67) = 0 0 0
0 0 1
0 0

The equivariant fundamental group of T¢, (VA )sreg 18 A(ar,er) = Za, ((27,&7)) =
S[2]. Thus, T¢, (Vi )reg carries four local systems.

LOCHA(T57(VA)Sreg): ]107 £(97 ]:07 507
Rep(A(m,&)): ++ = =t 4=

The map on equivariant fundamental groups A(,, ¢,) — Az, induced from the
projection T¢, (V)sreg — C7 is the identity, while the map on equivariant funda-
mental groups A, ¢,) — Ag, induced from the projection T¢, (V)sreg — C7 = C{
is trivial.

S[2]

Ji

Aw? e A(917,£7) E— A57 =1

Pull-back along the bundle map:

Locu(C7) —  Locu (T, (V)sreg)
]107 — ]lo7
£C7 — [:(97
.7:()7 — .7:@7
5(]7 — 507

7.2.6. Vanishing cycles of perverse sheaves. Table 7.2.6.1 records the functor Ev on simple
objects, from two perspectives.
We now give a few examples showing how to make the calculations for Table 7.2.6.1.

(a) Rows 1-5 and row 11 of Table 7.2.6.1 follow from Section 6.2.5.
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TABLE 7.2.6.1. Ev: Pery, (Vi) — Perp, (T, (Va)reg) on simple objects,
for A : Wr — LG given at the beginning of Section 7.

Pery (V) =5 Pery (Tj(V)reg)

IC(]ICO) = ]C(]loo)

IL(1le,) = IC(lo,)

IC(]]-C2) = IC(]l(')z) D (ﬁoa)

IC(]-C%) = IC( 3)

IC(‘CCS) = IC( 3) D (502)

]t(]lcz;) = IC( 04)

IC(le,) — IC(lo,)

IC(le,) — IC(lo) @ IC(Lo,)

IC(]]-C7) = %( 7)

ZC(‘CC7) = w( 7)6916( )

IC(}—Cz) = IC( 2)

IC(Fe,) = IC(Fo,) ®IC(Fo,) ®IC(Fo,)
IC(Fes) = IC(V o)

IC(Fe,) = IC(Fo,) & IC(Fo,) & IC(Fo,)
IC(EC7) = %(507)@E( 06)@E(505)@E(504)

@IC(]:OS)GaE(fOz)@IC(‘FOJ@IC(gOO)

P H EVC0 P EVC1 P EVC2 P EVC3 P EVC4 P EVC5 P EVCG P EVC7 P

IC(lc,) || ++ 0 0 0 0 0 0 0
C(1¢,) 0 ++ 0 0 0 0 0 0
C(le,) | — 0 ++ 0 0 0 0 0
C(1¢,) 0 0 0 ++ 0 0 0 0
C(Le,) 0 0 - — 0 0 0 0
C(1¢,) 0 0 0 0 + 0 0 0
C(1¢,) 0 0 0 0 0 + 0 0
C(1¢,) 0 — 0 0 0 0 ++ 0
C(1¢,) 0 0 0 0 0 0 0 ++
C(Le,) 0 0 0 0 0 0 —
IC(Fc,) 0 0 +— 0 0 0 0 0
IC(Fe,) || —+ —+ 0 0 - 0 0 0
TC(Fey) 0 0 0 0 0 0 0
1C(Fe,) 0 0 0 —+ 0 - 0 —+
IC(Ec,) +- —F —+ —+ - +-

(b) We show how to compute row 6. As recalled in Section 1.2.6, BEvg ZC(1¢,) = 0
unless C' C C4, and Bvg,(1¢,) = ZC(1le,) by [7, Theorem 5.3.1 (g)]. So next
we determine Evg, 1¢, for i = 0,1,2. Recall the cover wgl) : d&l) — C4 from
Section 7.2.3. As explained in Section 1.2.6, we begin by finding the singularities
of the composition (-|-) o (7@(11) x id) on 5&1) x CF. The equations that define

5&1) x CF as a subvariety of V x P! x V* with coordinates (w, X, [a : b],w’, X)
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are
(fb a)w:O7 (a b)X:O7
twX =0, det(X) =0
together with the equations that define C} in terms of w’ and X’. The conormal
bundle to this variety is generated by the differentials of the functions

(—b a)w:O, (a b)X:O,

together with the equations that define C}. Thus, to find the singular locus of
(-])o (ﬂil) x id) on éil) x Cf. we examine the Jacobian of these functions and
check to see when its rank is less than maximal. As explained in Section 1.2.6,
this will determine the support of the sheaf

R(I’(.|.)o (]1 (40)

(71'511) xid) 5’1(11) XC;‘)’

which is a sheaf on the zero locus of (-|-) o (m(ll) x id). We show below that
(-]-)o (ﬂ'il) x id) is smooth on Cil) x CF for i = 0,1,2; thus Eve, 1¢, = 0 for
1=0,1,2. We now show the remaining calculations for row 6.

(1 = 0) Consider the case C; = Cy. The singularities of (- |- )o(m(ll) xid) on 5&1) xCg,

are found by examining the Jacobian for the functions
(=b a)w, (a b)X, ww+Tr(X'X).
The Jacobian for those equations, in order, is below.

du dv dxr dy dz da db du dv di dy dZ
b a 0 0 0 v —u 0 0 0 0 0

0 0 —a 0 b -z =z 0 0 0 0 0
0 0 0 b a z Y 0 0 0 0 0
o o2 oy 22 0 0 uw v x oy 2z

This system of equations form an H-bundle over P!, so we can specialize
the [a : b] coordinates to [1 : 0] without loss of generality. Now we can
see that if the rank of this matrix is less than 4 on @il) x CF then v =
y" = 0, which implies ‘w’X'w’ = 0, which contradicts (w’, X’) € C§. Since
(-])o (Wfll) x id) is smooth on C~'il) x C§, the vanishing cycles sheaf (40) is
0. Therefore, Eve, ZC(1¢,) = 0.

; = 1) Now consider the case C; = C;. To find the singularities of (-|-)o (m(ll) x id)

on 5’21) x Cf we simply add the equation that defines C7 to the list of
functions in the case above. The Jacobian for the functions

(=b a)w, (a b)X, ww+Tr(X'X), w' =0,

is below.

du dv dr dy dz da db du dv di’ dy dZ

-b a 0 0 0 v —u 0 0 0 0 0
0 0 —-a O b —x =z 0 0 0 0 0
0 0 0 b a z Y 0 0 0 0 0
o W2 oy 220 0 w v oz oy 22
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
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Arguing as above, by setting [a : b] = [1 : 0] we find z = z = v = 0. If
the rank of this Jacobian were less than 6 then v/ =y = 0 so ‘wX'w = 0,
which would force the point to be non-regular in the conormal bundle. It
follows that (-|-)o (wil) x id) is smooth on the regular part of 5’&1) x Cf.
Therefore, Eve, IC(1¢,) = 0.

i = 2) The closed equation that cuts out Cj is rank X’ = 1. Thus, to find the

singular locus of (-|-)o (m(ll) x id) on 6’&1) x C3 we consider the functions
(=b a)w, (a b)X, ww+Tr(X'X), det X',
and the associated Jacobian, below.
du dv dx dy dz da db du dv di’ dy dZ

—-b a O 0 0 v —u 0 0 0 0 0
0 0 —a O b —x =z 0 0 0 0 0
o 0 0 b a« =z y 0 0O O 0 O
o W2y 220 0w v oz oy 2z
o 0o 0o 0o 0o O 0 0 0 y a 27

If the rank of this Jacobian is not maximal, then u' = 3’ = 0, which implies
fw' X'w’ = 0 which contradicts (w’, X’) € C5. Thus, (-|-)o (7@(11) x id) is
smooth on 6&1) x C3. Tt follows that Eve, ZC(1¢,) = 0.
This completes the calculations needed for row 6 of Table 7.2.6.1.
We show how to compute row 12. As recalled in Section 1.2.6, Eve ZC(F¢,) = 0
unless C C Cy, and BEvg, ZC(Fe,) = IC(Fo,); see Section 7.2.5. So here we
determine Eve, ZC(F¢,) for i = 0,1,2. Recall the cover 7r4(13) : 5&3) — C from
Section 7.2.3. As above, we begin by finding the singularities of the composition
(-] )o(wf) xid) on 5’23) x C¥. The equations that define 5&3) x C? as a subvariety
of V- x A% x P! x V* with coordinates (w, X, A, B, [a : b],w’, X') are

(a b) (g) _o, (a B)X =0,
(<b a)w=0, x=(4 B)(4).
(-B A)w=0, ‘wX=0, det(X) =0,

together with the equations that define C} in terms of w’ and X’. The conormal
bundle to this variety is generated by the differentials of the functions

(a b)@):o (b @) w=0,

together with the equations that define C¥. We find the singular locus of (-|-)o

(m(f’) x id) on 5&3) x CF by checking the rank of the Jacobian of these functions.
This will determine the support of the sheaf

R (1 (41)

(I)(.|.)o(7rf)xid) 6§3>x();)'

If(-]-)o (7@(5’) xid) is smooth on 5’5’) x C} or if the restriction of this sheaf to the
preimage of (Cy X C}f )yeq under 71'4(13) x id is 0, then Eve, Fe, = 0. However, if the
4(13) x id is not 0, then

restriction of (41) to the preimage of (Cy X C})yeg under 7
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to determine Eve, ZIC(F¢,) we must calculate the pushforward of this restriction

along the proper morphism 7@(13) x id (and in principle eliminate any contribution
from BEvg, (1¢,), however in each of the following three cases there is none). We
now show the remaining calculations for row 12.

(¢ =2): To find the support of (41) when C; = Cy, we consider the differentials of

the following functions.
A
(=b a)w, (a b) <B> ;o ww+Tr(X'X), detX'.

This gives the following Jacobian, in which we hide z, i and z since © = —A42,
2= AB and y = B?. In this table the rows are the differentials of the above
functions, in that order.

du dv dA dB da db du' dv' dx’ dy dZ
—b a 0 0 v —u 0 0 0 0 0
0 0 a b A B 0 0 0 0 0
o v 2(—=Ax’+B2) 242 +By) 0 0 wu v —A? B? 2AB
0 0 0 0 0 0 0 0 y' x’ 27

Again we observe that this system of equations is an H-bundle over P* and
therefore we can set [a : b] = [1 : 0] without loss of generality. If we do this
we find v = ¢ = z = A = 0. Moreover, if we suppose that the rank is not
maximal, then v/ = 0 by inspecting the first four columns and 3’ = 0 by
inspecting the fourth column. This implies *w’X'w’ = 0 with contradicts
(w', X") € C5. Thus, the singular locus of (-|-)o (ﬂ'f’) x id) on 6’5’) x C3 is
empty. It follows that Eve, ZC(F4) = 0.

: To find the support of (41) when C; = C1, we consider the differentials of

the following functions.
A
(b a)w, (a b <B>, Tr(X'X).

In this case we have v’ = v’ = 0, so they may be omitted, and so the relevant
Jacobian is:

du dv dA dB da db di' dy di
b a 0 0 v —u 0 0 0
0 O a b A B 0 0 0
0 0 2(-A2x’+BZ) 2(42+By) 0 0 -A? B? 2AB

On 5'&3) x Cf we can compute that the singular locus of (-|-) o (m(f)) x id)
is cut out by
A=B=0, (fb a)sz.

Note, this is already sufficient to conclude that Eve, IC(F¢, ) # 0.

Since we only need to compute the vanishing cycles (41) over the regular
part of the conormal bundle, we may assume w # 0. We claim that local
coordinates for the regular part of the conormal bundle are given by (X', w).
Indeed, the coordinate [a : b] is determined by w and all other coordinates
are zero on the singular locus. It follows from this that the map from the
singular locus to T (V) )reg is one to one. Moreover, we are free to localize
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away from the exceptional divisor of the blowup and thus essentially ignore
[a : b] while computing the vanishing cycles. Doing this, we can give new
coordinates for our variety by setting

()

for some new coordinate c¢. That is, on this open we have local coordinates
u,v,c,x’,y’, 2/, with no relations, and we wish to compute

Rq)cz(7u21’+2uvz’+v2z/) (]l)

The function —u?z’+2uvz’+v%2" is smooth and non-vanishing (on the regular
part of the conormal bundle), so by setting f = —u?x’ + 2uvz’ + v/, we
may consider the smooth map on our open subvariety induced from the map
AS — A? given on coordinates by (u,v,c,z’,y’,2") — (¢, f). By smooth
base change R®.2(_y24 4200z 40220)(1) is the pullback of R®.2f(1). It can
be shown that R®.2;(1) is the skyscraper sheaf on ¢ = 0 associated to the
cover arising from taking the square root of f. Pulling this back, we have
the same. This is the cover associated to the sheaf 7, in Section 7.2.5, so
Bve, %<]:C4) = E(]:Ch)

: To find the support of (41) when C; = Cp, we consider the differentials of

the following functions.
(b a)w, (a b) <g> w'w + Tr(X'X).

This determines the following Jacobian:

du dv dA dB da db du' dv' dx’ dy dZ
-b a 0 0 v —u 0 0 0 0 0
0 0 a b A B 0 0 0 0 0
o v 2(=Ax’ +BZ) 242 +By) 0 0 uwu v —A? B? 2AB

The singular locus of (-]-) o (75(13) x id) on 5&3) x C§ is
u=v=A=B=0, (a b)w =0.

Note, this is already sufficient to conclude that Eve, IC(F¢, ) # 0.

We may assume w’ # 0, since we only need to compute (41) the vanishing
cycles over the regular part of the conormal bundle. Local coordinates for
the conormal bundle are now given by (w’, X’). Since [a : b] is determined
by w’, and all other coordinates are zero, it follows that the map from the
singular locus to T (V)reg is one to one. In the following, wherever we write
(a,b) you should interpret this as either (1,b) or (a,1) as though we were
working in one of the two charts for P*.

We pick new local coordinates in a neighbourhood of the singular locus:
these will be [a : b],¢,d, X', w’ with the change of coordinates given by
(A,B) = ¢(—b,a) and (u,v) = d(a,b). The function ww’ + Tr(XX') may
now be re-written in the form

d(a D+ (b a) X (‘j) .
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The functions f = (¢ b)w’ and g = (=b a) X’ (_ab> are smooth (on the

regular part of the conormal bundle). We may thus consider the map to A*
induced by:

([a:b],e,d, X", w') = (c,d, f, 9)

The map ww’ + Tr(X X’) is simply the pullback of df + c?g.

Thus, if we can compute R®s,.2,(1) on A*, by smooth base change this
will give us R®,yq1r(x7x) (1) over the regular part of the conormal bundle.
Again, it can be shown that R®gs. .2,(1) is the skyscraper sheaf over d =
f = ¢ =0 associated to the cover coming from adjoining the square root of
g. Pulling this back to d&‘g) x C§ and identifying the singular locus with the
regular part of the conormal, we conclude that Eve, ZIC(F¢,) = IC(Fo,) by
comparing the covers associated to the local systems in Section 7.2.5.

We close Section 7.2.7 by briefly discussing a different approach to making these
calculations and then illustrate this approach by showing an alternate calculation of
EVCl IC(‘FC4) = IC(‘FO1)

We have already demonstrated that it is reasonably straight forward to compute the
support of the sheaf Eve by computing the singular locus in the appropriate cover. The
challenging thing is computing the actual sheaf, because it tends to require adhoc changes
of coordinates to understand the local structure of the singularity. However, it is still
typically straight forward to compute the rank of the resulting local system. This is
because we can compute this by passing to a finite étale cover which trivializes the sheaf,
and by passing to an arbitrary Zariski open. In every case in this paper, when the rank is
non-zero, one can immediately deduce that the rank of Evg P will be 1 on the basis that
the local structure is an isolated singularity direct product with an affine space.

Once one knows that the rank of EvgP is 1, we need only compute the action of
the fundamental group on the sheaf to identify the sheaf, and because the rank is 1,
this is equivalent to computing the trace of the action of the elements of the equivariant
fundamental group. We would like to illustrate now how the Lefshetz fixed point formula
may be used to make these calculations.

In this section, what we need to compute is the trace of the actions of the two elements
s(=1,1) and s(1,—1) on W:=Cy x Cf, noting that these determine the action of the
central element s(—1,—1). Because s(—1,1) and s(1,—1) differ by a central element,
they have the same fixed point set. The fixed point set of s acting on W is

W* = Spec(k[z,y,v, 2", y']/(zy, 2v))
and the restriction of f:=( - |- ) to W¢is f = za’+yy’. Now, the restriction of ZC(F¢, )X

Loy to W# is sheaf associated to pullback of the original cover to this fixed point set, so
it appears in the proper pushforward formed by adjoining = A2,y = B2:

Ws = Spec(k[4, B,v,2’,y']/(AB, B*)).

In these coordinates, f* = A%z’ + B2y’. The map W* — W* is an equivariant cover which
admits a non-trivial action of s(—1,1) and s(1, —1), where the former acts as A — —A
and the later acts as B — —B. By observing that the map Ws — W* restricts to a
bijection on the singular locus of f®, we may conclude that the trace of the action on
stalks of the cover will agree with that on the base.
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Though it is possible by working with local coordinates to compute the vanishing cycles
here as we did above, we will instead use the Lefshetz theorem again. There are now two

cases:

s(—1,1):

s(1,-1):

Recall that map Ws — W is an equivariant cover which admits a non-trivial
action of s(—1,1) given by A — —A, in the coordinates above. The fix of this
action on W and the restriction of f* to that fix, is

Spec(k[B, v, 2,y']/(B*v)) f* = B?%/.

We note that this cover is of relative dimension 1. Noting further that we wish
to evaluate the action over regular conormal vectors this imposes the condition
u # 0 which implies B = 0, and leads us to consider:

Spec(k[v, 2, y']) =0

which allows us to conclude that the vanishing cycles are the constant sheaf and
so the trace is 1, accounting for relative dimension leads to a trace of —1 for the
original sheaf. -

The action of s(—1,1) on the cover W¢ — W* is given by B — — B so restriction
to the fix of that action forces B = 0 Thus, the fix of the action of s(—1,1) on
W and the restriction of f* to that fix, is

Spec(k[A,v,z’,y']) fi= A%

We note that this is relative dimension 0 and that we know, as above, that the
vanishing cycles are associated to the cover coming from taking v/z’. However,
s(1,—1) acts trivially on this cover and so again we conclude the trace is 1 and
this is still the case after accounting for relative dimensions.

Checking the association between characters of the fundamental group and sheaves on
the regular conormal bundle allows us to conclude Eve, IC(F¢,) = IC(F o, ), as above.

7.2.7. Vanishing cycles and the Fourier transform. The equivariant local system D is non-
trivial in this example, so here we display the twisting functor T : Perg (75 (V )reg) —
Perg (T4 (V*)reg) given by T(-) = a.(-) ® D*. For typographic reasons, we break the
display into four pieces.

Perss (T (V)re) = Loc(T7(V*)icg)
IC(]IOO ) — E(]log )
IC(ﬁoO ) — IC(ﬁo; )
IC(]:(QO ) — Ic (.7:(93 )
IC(EOO ) — Ic (5@3 )
IC(]l(97) — IC(]l@; )
ZC(£(97) — IC(ﬁo;)
IC(}—(97 ) — Ic (.7:(9; )
IC(5(97 ) — e (5@; )



ARTHUR PACKETS AND ABV-PACKETS FOR p-ADIC GROUPS, 2: EXAMPLES 97

Perss (T (V)reg)  —  Locu (T (V*)res)
IC(]lol) — E(]lo{)
IC(l:ol) — ZC(ﬁo;)
E(]:Ol) — %(]:(QT)
ZC(EOI) — IC((‘:(QI)
IC(]l(QS) — IC(]l(g;)
ZC(£(93) — IC([;@;)
IC(}—OS) g E(fo;)
IC(Eos) — E(Sog)

Pergy (T (V)reg) —  Loca (T3 (V*)reg)
IC(]I@Z) — m(ﬁo;)
ZC(£(92) — IC(IIOE)
ZC(.FOQ) — IC(go;)
IC(EOZ) — IC(}—O;)
IC(]IO(;) = IC('CO:))
IC(Log) = IC(1oy)
IC(Fos) = IC(Eo;)
IC(Eos) = IC(Foy)

Perss (Tf;(V)ses) — Loch (Tj(V*)reg)
C(lo,) — IC(1o;)
IC(Fo,) > IC(Foy)
(o)  —  I(lo;)
IC(Fos) = IC(Foz)

Compare Table 7.2.7.1 with the Fourier transform from Section 7.2.4 to confirm (24)
in this example.

7.2.8. Arthur sheaves. Arthur perverse sheaves in Pery, (Vy), decomposed into pure packet
sheaves and coronal perverse sheaves, are displayed below.

Arthur | pure packet coronal

sheaves || sheaves sheaves
Ac, || ZC(1c,) @ IC(1e,) ® IC(Fe,) ® IC(Ec,)
ACl IC(]]‘Cl) S5 IC(ILCG)@IC(FC4)@ZC(€C7)
Ac, | ZC(lc,) ®@IC(Fc,) @ IC(Ley) ® IC(Ec,)
Ac, || ZC(lg,) @ IC(Le,) © IC(Fey) ®IC(Ecy,)
Ac, || ZC(1e,) ® IC(Fc,) & IC(Ec,)
'ACS IC(]]'Cs) D IC(]:C7)€BIC(SC7)
ACG IC(]]-CG)@IC('FC%) D IC(£C7)EBZC(EC7)
AC7 'ZC(]]'C7)@IC(‘CC7)®ZC(*FC7)®IC(5C7)

7.3. Adams-Barbasch-Vogan packets.

7.3.1. Admissible representations versus perverse sheaves. Using Vogan’s bijection between

PerHA(VA)s/'iiz;ple and Iue ) (G/F) as discussed in Section 1.3.1, we now match the 8

Langlands parameters from Section 7.1.1 with the 8 strata from Section 7.2.1 and the
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TABLE 7.2.7.1. Fourier transform, vanishing cycles and the twisting functor

Perp, (V;
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Perr (T, (VA)reg)
ZC(ILOO)
:ZC(Il-Ol)

IC(lo,) ® IC(Lo,)
IC(]]-Os)
IC(Lo,) ® IC(Lo,)
C(1o,)
E(]los)

E( 06)@IC(£OI)
16(107)
IC(Lo,) B IC(Loy)
%(502)
ZC(‘FOAL) @IC(‘F(')l)
S¥) IC(J:OO)

IC(7 o)
IC(Fo,) ®IC(Fo,)
® IC(]:(QS)
IC(Eop,) DIC(Eo,)
® IC(Eo,) ® IC(Eo,)

® IC(Fo,) ®IC(Fo,)

® IC(Fo,) ®IC(Eo,)

TI11111111371 [+
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11

@ IC(Foy)

= IC(Eo:) ®IC(F o)
EBIC(E@ )EBIC(S@Z)
+) ©IC(Eoy)

IC(F o )EBE(&O;;)

@ IC(]:O

Pers (T, (VX )res)

IC(Lo;) ® IC(Loy)

03) ®IC(loy)

0:) ®IC(Lor)
IC(Lo:) @ IC(lo

IC(Foy) ® IC(Foy)

IC(Foz) ® IC(Foy)
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15 admissible representations from Section 7.1.2 with the 15 perverse sheaves from Sec-

tion 7.2.3.

Per sz, (VA)S2P' || Mpure \ (G/F)
IC(]ICO) [W((bO)’O]
IC(1c, ) [m(¢1), 0]
%(]]-Cz) [W(¢27+)70]
IC(]]-C3) [W(¢3,+)70]
ZC(’CCS) [ﬂ—((b?)v _)70]
IC(1e,) [7(¢a,+),0)]
IC(1c,) [7(¢5), 0]
IC(1cy) [ (6, +),0]
(1) [m(¢7,++),0]
ZC('CC7) [ﬂ—((b% __)70]
IC(F2) [7(¢p2, =), 1]
IC(F4) (7 (¢a, =), 1]
IC(Fe) [7(¢6,—), 1]
IC(F7) [m(¢7, —+),1]
1C(&r) (7 (p7,+-), 1]

7.3.2. ABV-packets. Using the bijection from Section 7.3.1 and the calculation of the

functor Ev from Section 7.2.6, we now easily find the ABV-packets II

ABV
pure,¢

(G/F) for

Langlands parameters ¢ with infinitesimal parameter \ : Wr — LG, using Section 1.3.2.

In each case we find the pure L-packet Il ype o(G/F) and TABY

pure,¢

(G/F) and the remaining

)
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coronal representations:

ABV-packet H pure L-packet coronal representations
Hﬁﬁ‘e/%(G/F) [7(¢0), 0] [m(¢2,+), 0], [7(¢a, =), 1], [T (7, +—), 1]
pureq>1( / ) [W(¢1)70] [F(¢47_)’1]7[ﬂ—(¢6a+)’0]’[ﬂ—(¢7>+_)71]
H?ﬁem( [F) | [7(d2,4),0], [r(p2, —), 1] [m(¢3,-), 0], [7(d7,+—),1]
o o (G/E) | [n(63,+), 0], [x(65, ). 0] [r(é7, —+), 1], [(¢7, +-), 1]
H?ﬁem( [F) | [m(¢a,+),0], [m(da, —), 1] [m(¢7, +-),1]
it s (G/F) | [7(65),0 [m(é7, —+), 1], (7, +-),1]
MABY , (G/F) | [7(66,+),0], [7(¢6,—),1] (67, =), 00, [m(¢7,+-),1]
IABY  (G/F) || [r(dr,++),0], [1(dr, ——), 0], [1(dr, —+),1], [m(dr,+-), 1]

We record the stable distributions nszV arising from ABV-packets through our calcu-
lations. We will examine the invariant distributions 77{22’\/, later.

ABV- || pure L-packet coronal

packets || representations representations
Me” +7r(¢>o) +7 (2, +) + 7(ba, =) + 7(d7, +-)
U(?IBV ( ) +7T(¢47 ) + 7T(¢67 ) (¢7’ +_)
77;2]3\/ +7T(¢27 ) - 7T(¢2, ) _ﬂ(d)?n ) (¢75 +_)
77(?3]3\/ +7T((]537 ) + 7T(¢37 ) _7T(¢77 ) (¢7a +_)
n%iz +7T(¢47 ) - 7T(¢4? ) 7T(¢77 )
771/;5 +7T( ) +7T((b77 ) + W(¢77 )
77112BV +7T(¢67 ) - 7T(¢6a ) _W(¢77 __) =+ 7T(¢77 )
771?:3\/ +7T((b77 ++) + 7T(¢77 __) - 7T(¢77 ) - 7T(¢77 +_)

7.3.3. Kazhdan-Lusztig conjecture. Using the bijection of Section 7.1.4, we compare the
multiplicity matrix from Section 7.1.3

Myep =

OO OO OO OO OO OO0 OO
OO DD OO DD DD DD DD OO OO
SO DD OO DD DD OO = O
OO OO OO OO OO OO+ H O
(o] Hesl el enlen] Jen i es s B el S =l = el
SO DD OO DD OO OO FIN
SO OO OFHF OO OFHOO -
SO OO O H OO OO OOoOoOoO O oo
SO O R HFOO OO OOoOOoO O oo
S ORr HPFHFOOOODODOoOOoOOoO oo
OIF P OFEHODODODODODODODODDODODODO oo
RO O O OO O OO OO oo oo

OO OO OO OO = =N
OO O OO OO O R OO
OO OO OO O R HF R R OFMFERFERF
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with the normalised geometric multiplicity matrix from Section 7.2.3.

o
o
o
o
o
o
o
o
o
o
o

geo

OO O OF RO, OOOOOo

OO OO OO0 MFMFEMFEOFRMFEOO
S OO OO O EHODODOODOOO
O OO OO O OO0 O OO
SO O ODOPFODODODODOO O OO
O OO OO OO DD O oo
HO O OO OO OO oo o oo

Ol_F HEF FE= EF OOODODODODOoO oo Oo
OO R P O OO OOoOOoOOo o oo
OlmF P OO OO oo o oo

OO O OO FRFNNRF R =
oSO OoOO0ORr R R R FR,ROOO R~
oSlo oo oo O OO R OO
SO OO OO|HF OO RO HOOO
OO O OO O R EFEFOOOO

o

!

geo» this confirms the Kazhdan-Lusztig conjecture in this example.

Since ‘myep =m
7.3.4. Aubert duality and Fourier transform. Using Vogan’s bijection from Section 7.3.1
we may compare Aubert duality from Section 7.1.5 with the Fourier transform from
Section 7.2.4 to verify (33).

Using the map Qx(*G) — T3 (V).eg We may compare the twisting characters x,, of Ay,
from Section 7.1.5 with the restriction Dy to T¢; (V)reg of the D from Section 7.2.7 to
verify (34).

7.3.5. ABV-packets that are not Arthur packets. We conclude Section 7.3 by drawing at-
tention to the two ABV-packets HSEX% (G/F) and Hﬁﬁ\é% (G/F) that are not Arthur
packets, as ¢ and ¢3 are not of Arthur type. While the following two admissible homo-
morphisms Lz x SL(2,C) — G are not Arthur parameters because they are not bounded

on Wg,

Yi(w, @, y) va(y) @ (V3 (dw) @ va(2)),
Us(w,z,y) = va(z) @ (V3(dw) ® va(y)),
they do behave like Arthur parameters in other regards, as we now explain. First ¢, = ¢4
and ¢y, = ¢3. We note too that 13 is the Aubert dual of 9;. Let us define
Mpure,py (G/F) =158V (G/F)  and ey, (G/F) =158, (G/F).

pure,pi pure,¢3
Then Ipure,, (G/F) and Ipyre y, (G/F) define the following pseudo-Arthur packets for
G4 and Go:
H”l/fl (GO(F)) {ﬂ-((bl)v 7r(¢67 +)}7
Hl/)s (GO(F)) = {ﬂ(¢37 +)7 7r(¢37 7)}3

and

y, (G1(F)) = A7(¢s, =), m(d7,+-)},

Hwa(Gl(F)) = {W(¢7a_+)?ﬂ-(¢7v+_)}-
Aubert duality defines a bijection between I, (Go(F)) and II, (Go(F)) and between
Iy, (G1(F)) and ILy, (G1(F')). Moreover, it follows from the Kazhdan-Lusztig conjecture,
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which we have already established for this example in Section 7.3.3, that the associated
distributions

O = Trm(¢1)+ Trr(¢s +)
@gg = Tra(ps,+) + Tra(ps, —)
and
O = —(=Trm(¢s, =) = Tra(gr, +-))
Our = —(+Trm(g7, —+) + Trm(dr, +-))

are stable. Moreover, using the characters of microlocal fundamental groups arising from
our calculation of the functor Eve, and Eve, we may define 953,37 6511,57 @gi’,s and 953,5'
It follows from Section 7.1.6 that these distributions coincide with the endoscopic transfer
of stable distributions from an elliptic endoscopic group G’; those stable distributions on
G'(F) also arise from ABV-packets that are not Arthur packets. In these regards, the
pseudo-Arthur packets Iy, (Go(F)), ILy, (G1(F)), ILy, (Go(F)), and IL, (G1(F')) behave
like Arthur packets.

7.4. Endoscopy and equivariant restriction of perverse sheaves. In this section
we will calculate both sides of (35) for G = SO(7) and the elliptic endoscopic G’ = SO(5) x
SO(3), which already appeared in Section 7.1.6. This will illustrate how the Langlands-
Shelstad lift of ©y on G'(F) to ©y s on G(F) is related to equivariant restriction of
perverse sheaves from V to the Vogan variety V' for G’; see Section 7.1.6 for 1)’.

The endoscopic datum for G’ includes s € H given by

1 0 O 0 0 O
01 O 0O 0 0
~loo -1 0 0o
*Zlo o 0o -1 0 0
0 0 O 0 1 0
0 0 O 0 0 1
Note that
A|lO0|B A B
Zx(s) = 0|E|O0 |<C D)ESp(Zl),EESp(Z) &~ Sp(4) x Sp(4),
cCl0|D

so G = Z&(s).

7.4.1. Endoscopic Vogan variety. The infinitesimal parameter A : Wr — LG factors
through € : Z1G' < LG to define N : Wr — LG’ by

w0 0 0
Nw) — 0 |w* o 0 w*? 0
(w) = 0 0 |w\_1/2 0 ) 0 |w|—1/2
0 0 0 |w/ ™2

To simplify notation below, let us set G := SO(3) and G := SO(5) and define AV :
Wg — LG and A Wg — rq® accordingly. Also set

HY :=Z5,(AY) and H® :=Z5, (\?)
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and V() :=V, ), and V) :=V, (). Then,
H =HY x H® and V' =v® x vy,

with the action of H(") on V(1) given in Section 3 and the action of H® on V?) given
in Section 5. It follows that, with reference to Sections 3 and 5, V'’ is stratified into eight
H'-orbits:

Cuz % Cy Cy x Cy Cy x Cy Co x Cy

CUIXCO CXCO CXCQ C()XC()

For all H’-orbits C’ C V', the microlocal fundamental group A%C is canonically iso-
morphic to the centre Z(G’) = Z(G®) x Z(GW), because we have chosen G’ so that
the unramified infinitesimal parameter \’ is regular semisimple at Fr. Consequently, the
image of Z(G’) under ¢ : G’ < G is the group S[2] introduced in Section 7.1.4.

7.4.2. Restriction. We now describe the restriction functor Dy (V') — Dy (V’) on simple
perverse sheaves, after passing to Grothendieck groups.

res: Perg (V) — KPerg (V)
(]]-Co) = IC(]]‘CO X ]]-Co)[o]
IL(le,) = IC(le, Wlg,)[]
IL(le,) — IC(lc, Wlg)[l] ®ZC(1c, K¢, )[1] & ZC(1c, K 1g,)[1]
IC(]].CJ) — E(]lcw X lcy)[l}
ZC(EC3) — IC(ECI X 503})[1] @E(ICO X ]lCO)[”
IC(lg,) +— IC(1g, X 100)[2] @IC(1le, X ]lcy)[l}
IC( Cs) — ﬂj(]lcug]lc )[2}@%(]1@1&’10 )[2]@10(]100&1011)[2}
® IC(Le, Wee,)[2] ® IC(1g, W, )[2]
IC(]]'Cg) — E(]]'Cuz X ]].CO) 2] @IC(]]-CU X ﬂ.cy)[2] @E(]].Cu X ]]-C'o)[2]
IC(]].C7) — IC(]]-CWC X ﬂ.cy)[Q]
IC(Le,) +— IC(Le,,NEc,)2]®IC(1c, Mig,)[2]
ﬂ:(fcz) = IC(Le, X ]lco)[l] OIC(1le, ® 5cy)[1}
IC(]:C4> — E(]lcu X gcy)[l] @E(ECL X HCO)[Q]
C(Fee) = IC(Le,, Wlg,)[2] @ IC(1e, WE,)[2]
ﬂz(]:c7) — E(£0u1®10y)[2]@w(£0x®10 )[2]@E(£C &]]-Co)[ ]
® IC(1c, M &c,)[4]

c(€c,) w IC(Lc,,N&c, )[2] ©IC(Le, KEc,)[2]

7.4.3. Restriction and vanishing cycles. Although the inclusion V' < V induces a map
of conormal bundles € : T7, (V') < Tj(V), this does not restrict to a map of regular
conormal bundles. Instead, we have

T, (Vg 0 Tipi(V g = Tcoxco(V’)reg
Tél(v)reg n T;I'(V,)reg = C xCO(V/)reg
Tég(v)reg n TI?/(V/)reg = coxc (Vl)reg
T8,(Vireg N Tip (Vg = T&, xc, (V )reg
Te,(Vireg N Tip(Vi)eeg = 0

Te,(Viieg N Tip(Vieg = 0

Te,(Vieg N Tip(Vireg = T2, ey (V' res
Te,(Vieg N Tip(Vieeg = T, xc,(V')reg

Thus, the hypothesis (35) is met only for (2,&') € T/ (V')reg from the list of regular
conormal bundles appearing on the right-hand side of these equations.
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Here is another interesting example of (35). Take P = ZC(E¢,). Then, in the Grothen-
dieck group of Perg: (T4 (V' )reg),
B Plv

= B/ (IC(ﬁCw X gcy) D IC(.CCz X gcy))

- (Ev@)IC(ECW) X Ev(l)IC(Scy)) @ (EV(Q)IC(Ecm) X Ev(l)E(écy))

= ((Z(Lo,,) ®IC(Lo,)) W (IC(Eo,) ® IC(Eo,)))
@ ((ZC(Lo,) ®IC(Lo,)) K (IC(Eo,) & IC(Eo,)))

= IC(ﬁow X goy) D %(ﬁom X 5@0) D IC(l:ou X goy)
®IC(Lo, REp,) DIC(Lo, K Eoy) DIC(Lo, KEo,)
© IC(Lo, R Ep,) ®IC(Lo, M Eo,).

We now calculate the values of Tr (Ev' P|y/) (a,) on all six components of T} (V)ieg N
T (V' reg-
(Cuz x Cy): I (2, &) € Ty, (V' )reg then

(—1)dim O—dim &' Ty (Ev’(w,75,) le) () = (13T (I(Lo,, BEo,)) (1,-1)
= (+1(--)1,-1)=-1
(Cuz x Co): I (2',&") € T4, w0y (V )reg then

(—1)dm e Ty (Byf,, o) Plv) (a) = (1) 2Tx(ZC(Lo,, M Eo,)) (1,—1)
= (+1)(=—)(1,-1)=—1.
(Co x Cy): I (/,€') €T, ) (V')reg then

(~1)dimEdim & Ty (Bf,, o) Plyr) (al) = (12 Tr (T(Lo, B o,)) (1,-1)
= (D)L -1) = +L,
(Co x Cy): If (a/,€") € T¢, o, (V' )reg then

(—1)dim O—dim ¢’y (Ev/(l,/,f/) 7>|V,) (a) = (—1)*"1Tx (IC(Lo, B Eo,)) (1,-1)
= (-1)(=—)1,-1)=+1.
(Cu x Co): T (2',€") € T¢, 0y (V' )reg then

(~1)timO=dm Oy (B, o Plvr) (ah) = (~1)* 71 Tx (TC(Lo, B Eo,)) (1,-1)
= (-1, -1) = +1.
(CO X CO): If (x/agl) € Té’UxCU (V/)reg then

(~1)dim e Ty (Bf,, o) Plv) (al) = (1) Tr (ZC(Lo, B Eo,)) (1,~1)
= (+1)(=—)(1,-1) = 1.

To compare with the calculation of the left-hand side of (35), above, we must now calculate
the values of Tr (EvP) (as) on all six components of T (V )reg N T77/ (V) reg-

Tr(Bve) P)as) = Tr(BVIC(Ec,)) 15 (V)ees (@s)
= Tr(IC(Eo,) ® IC(£06)) 1T (V)res (@s)
+Tr (ZC(Eoy) B IC(E0,)) T4 (V) reg (s)
+Tr (ZC(Fo,) ® IC(F 0,)) 12, (V) res (@s)
+Tr (ZC(Fo,) ®IC(E0y)) 172 (V)res (@s)
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(Cuz x Cy): If (2/,&") €T, «c, (V' )reg then (z,8) € T¢, (V)reg in which case
Tr (Bvwg P) (as) = Tr(ZC(o,))(1,-1)
= (+-)(1,-1)=-1.
(Cuz x Co): I (2',&") € TE, w0y (V )reg then (2,8) € T¢, (V)reg in which case
Tr (Bva) P) (as) = Tr(ZC(Co,)) (1,-1)
= (+-)(1, —1) ~1.
(Co x Cy): If (2/,8) € TE, y o, (V' )reg then (z,€) € T, (V)reg in which case
Tr (Bvwg P) (as) = Tr(ZC(Fo,)) (1,-1)

= (—+)(1,-1) =+1.
(Co x Cy): If (2, &) € T, v, (V' )reg then (z,€) € T¢, (V)reg in which case
Tr (EV(%E) P) (a’s) = Tr (IC(‘FOQ)) (17 _1)
— ()1 -1) = 41
(Cu x Co): Tt (2',€") € T, w0y (V' reg then (z,€) € T, (V)reg in which case
Tr (B P) (as) = Tr(ZC(Fo,))(1,-1)
= (LD =+,
(Co x Co): If (2,8") € Tgy oy (V' reg then (x,€) € T¢, (V)reg in which case
Tr (Ev(w:f) P) (CLS) = Tr (Ic(goo)) (17 _1>
= (+-)(1,-1)=-1.
This confirms (35) for P = IC(Ec, ).
Here is another interesting example of (35). Take P = IC(F¢,). Then, in the Grothen-
dieck group of Perg: (T4 (V' )reg),
Ev/'P|v/
= B (E(]lcu X gcy)[l] @IC(ﬁCL X ]lco))
_ (Ev<2> (1e,) B Ev(l)IC(Ecy)) @ (Ev@)mzzcz) < B IC(]lCO))
= (Z(1o,) W (Z(Eo,) ® IC(Eo,))) & ((IC(Lo,) & IC(Lo,)) W IC(Lo,))
IC(]lou X goy) @E(]lou X 8@0) EBIC(,CO @ Eoo) @%(ﬁ@o X ]loo)
We now calculate the values of Tr (Ev' P|y/) (a}) on all six components of T} (V )reg N
Ty (V' reg-
(Cuz x Cy): If (2',&') € Tg‘wxcy(vl)rcg then

(=1)°7*Tr (0) (1,-1)
= (+1)(0)(1,~1) = 0.

(_DdimC—dimC’ Ty (Evl(x’,fl) Plv/) (als)

(Cux X Co)l If (.T/ 6/) € TguzXCO (V’)reg then
(—1)dim C—dim ¢’ Tr( 73|v')( /)

(—1)*2Tr (0) (1,-1)
= (+1)(0)(1,-1) =0.
(Co % Cy): T (2/,€) € TS, (V' )seg then
(~1)timE=dimC Ty (B, o Plv) (ah) = (=1)* 72T (0) (1,-1)
= (-1)O)(1,-1) =0.
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(Co x Cy): If (2, &) € T, ¢, (V' )reg then

(—1)dm e Ty (Byf, o) Plv) (ah) = (127 Tr(0) (1,-1)
(=1)(0)(1,-1) =0.
(Cy x Cp): If (2/,&) € Tguxco(V’)rcg then

(-Udimc_dimclrﬁ"(Evl(m',g')mv') (a)) = (=1)*'Tr(Z(lo, ®éo,)) (1,-1)

= (D)L = 41
(Co x Co): If (2',&") € T, w0y (V' )reg then

(_1)dim C—dim C’ Tr (E\/,(w’7f') P'V’) (a'is)
= (+F)(=H)(1,-1) = +1.

(_1)0_0 Tr (E(ﬁoo X ]100)) (17 _1)

105

To compare with the calculation of the left-hand side of (35), above, we must now calculate

the values of Tr (EvP) (as) on all six components of T4 (V )reg N Tj7 (V) req-
Tr(Bv(ae P)las) = Tr(BvIC(Fc,)) |1e(v)es (@5)

— T (I0(Fo,) & IC(Fo,) & IC(Fo,)) 75 (V) reg (@)

(Cuz x Cy): If (2/,&) €T, o, (V' )reg then (z,8) € T¢, (V)reg in which case

Tr (Bvag) P) (as) = Tr(0)(1,-1)
= (0)(1,-1) =0.
(Cuz x Co): T (2',&") € TE, w0y (V )reg then (x,8) € T¢, (V)reg in which case
Tr (Bvag) P) (as) = Tr(0)(1, )
= (01, -1)=
(Co x Cy): If (2/,8) € TE, y ¢, (V' )reg then (z,£) € T, (V)reg in which case
Tr (Bv(e) P) (as) = Tr(0)(1,-1)
= (0)1,-1)=0.
(Co x Cy): If (2', &) € T, w0, (V' )reg then (z,€) € T¢, (V)reg in which case
Tr (Bv(ag) P) (as) = Tr(0)(1, =N
= (O -1)=

(Cu x Co): If (2',&) € T, 0y (V' )reg then (z,§) € T, (V)reg in which case

Tr (Bv(a) P) (as) = Tr(ZC(Fo,))(1,-1)
= (—+)(1,-1) =+1.

(Co x Co): If (2,8') € Tgy oy (V' reg then (2,€) € T¢y (V)reg in which case

Tr(Bvpe)P) (as) = Tr(IC(Fo,))(1,-1)
— (=)L 1) = +1.

This confirms (35) for P = ZC(F¢,).
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